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Abstract - This paper presents a method for the control of a 2-DOF inverted pendulum mounted on 
an omni-directional mobile platform. The system dynamics model is first established, and then two 
controllers are designed considering the acceleration and motor torque as two different inputs. 
Simulation is then carried out to compare their performances. It can be found that the torque 
controller is better than the acceleration controller. Two sets of experiment are conducted to show 
that the system can reach a stable state within 200ms. 
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1. Introduction 
 
The mobile platforms with Mecanum wheels 
(MPMW) can move in any direction with sharp turns. 
For this advantage, there is a rising interest in 
research of this omni-directional mobile platforms. 
MohdSalih and Rizon were the first ones who 
constructed a DC motor-driven MPMW and validated 
its performance of omni-direction movement [1]. 
Later, Chen and Fan proposed a kinematic model for 
the design and control of MPMW [2]. Hou and Li 
demonstrated an application of MPMW for forklift 
[3]. Lu and Cong designed a mobile platform using 
stepper motors and analysed the torque 
performance [4]. Wang proposed the dynamics 
equations for the control of MPMW [5]. Shi and Kang 
developed a MPMW for patient transfer [6]. 

As far as the motion of the omni-directional 
mobile platform is concerned, there are three 
degrees of freedom (DOFs) in plane, i.e. the 
translation in the X and Y direction and the rotation 
in Z direction. The said motion is realized by the 
differential speeds of the four-wheels. This character 
offers great convenience for the motion control and 
provides a fast response time, compared with 
traditional wheeled mobile platform which uses 
steering and driving control. However, MPMW has 
some shortcomings, for instant, higher requirement 
on surface flatness and torque imbalance in wheel 
motors. In particular, when a MPMW climbs up a 
ramp of 45°, only the front two wheels apply torque 
while the rear two do not. Due to this load 
imbalance, large torque motors are usually needed 
for MPMW. This imbalance also implies that some 
special measure should be taken for the motor 

control in order to ensure that the motor torques for 
a specific task stay within the allowed maximum 
values.  

This paper aims at addressing the motor torque 
issue. For this purpose, an inverted pendulum 
mounted on a MPMW is used to study how to 
minimize the motor torque while ensuring the 
pendulum stability. The system model is established 
including an inverted pendulum mounted on the 
MPMW. A LQR controller is designed to minimize the 
motor torques. In what follows, the details are 
provided.  
 

2. System Description 
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Figure 1: The MPMW with an inverted pendulum 
 
Figure 1 shows the experiment system developed at 
Shanghai University where an inverted pendulum is 
mounted onto an omni-directional mobile platform. 
The inverted pendulum is connected to the platform 
through a universal joint. The inertial sensor is fixed 
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on the top of the pendulum to measure the rotation 
angle and the angular velocity of the pendulum. Four 
Mecanum wheels are driven by four stepper motors. 
The position and velocity of the mobile platform are 
calculated by the counts and frequency of the 
impulses sent by the controller to the driver. 
 

3. Dynamics of the MPMW 
3.1 The mathematical model of inverted 
pendulum system 
 
Figure 2 shows the coordinate system attached to 
the mobile platform, and it is denoted as {OXYZ}. The 
two rotation axes for the pendulum are denoted by 

 and  about X and Y axis respectively.  The angle 

between the pendulum and vertical Z axis is called 
the intersection angle and denoted by θ. The angle 
between the projection of the pendulum in X-Y plane 
and Z axis is called the yaw angle and denoted by α, 
with the counter clockwise direction as its positive 
direction. 
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Figure 2: Intersection angle and yaw angle in the 

system 
 
The rotation axis  is along X axis and the rotation 

axis  is along Y axis which will change after the 

rotation about X axis. These two angles are denoted 
by , , respectively. When the intersection angle is 

small, the inverted pendulum dynamics can be 
approximated as two single DOF inverted 
pendulums in X-Z and Y-Z plane, respectively [7]. 
Without loss of generality, the situation in X -Z plane 
is always considered first. In this plane, the kinetic 
energy  and potential energy  are shown below:  

 

 

(1) 

 
There are two equations for the generalized forces in 
two generalized coordinates by assuming that the 
friction coefficient is zero. 

 

(2) 

 
The system model is linearized with an equilibrium 
position at x = 0, θ = 0. The nonlinear term is 
negligible because the rotational speed about Z axis 
is small. The influence of the inverted pendulum on 
the whole system is three order infinitesimal when 
the intersection angle and the rotational speed are 
both small. In this case, 
 

 

 (3) 

 
The state-space expressions near ,  are 

shown in Eqn. (4) 

 

(4) 

 
3.2 Kinematics and dynamics model of the 
omni-direction platform 
 
The dynamics equations of the MPMW can be 
obtained as follow [8-10]. 

 

(5) 

 

(6) 

 
(7) 

 
 
The Jacobian matrix of the MPMW can be obtained as 
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(8) 

 
The generalized inverse of the Jacobian matrix can 
be obtained as well. 
 

 
(9) 

The parameters of the mobile platform under this 
study are listed in Table 1. 
 

Table 1. Platform parameters 

Symbol Name Value 

 Mass matrix 

 Jacobian matrix 

 
Generalized inverse matrix of the 

Jacobian 
m’ Mass of the system 109.3 kg 
l Pendulum length 1000 mm 

L1 Half axle 350 mm 
L2 Half track 250 mm 

 Radius of wheel 82.5 mm 

 
Moment of Inertial 

around Z Axis 
6.2179 
kg·m2 

 Wheel inertial moment 0.029  

 

3.3 The Dynamics model of the system 
 
A few assumptions are made to simplify the analysis. 
The influence of the gravity and inertial force of the 
inverted pendulum on the MPMW are negligible, and 
the friction between the wheels and ground is 
regarded as static one. Now, we can have the 
following equations: 

 

(10) 

 
Let the parameters be satisfied: 

 

(11) 

 
(12) 

 
(13) 

So, the simultaneous equation can be obtained with 
Eqn. (4) 

 

 
(14) 

 
The equations for the omni-directional platform with 
an inverted pendulum are: 
 

 
(15) 

 

 
 

(16) 

 

(17) 

 
At last, the standard form can be obtained 
 

 (18) 

 
 

4. LQR Controller Design 

4.1 Controller design with torque 
minimization 
 
A LQR controller is a type of the state feedback 
controller based on the optimal control theory. The 
goal is to minimize the objective function which is 
constructed in the form as 

 where the  and  is the 

weight matrix of states and inputs, respectively. The 
system dynamics parameters are known such as , 

. To minimize the motor torques, the system 

should maximize  and minimize  at the same time. 

Here,  and  are set as below. 

 

 
 

(19) 

 
 

(20) 

 
(21) 

 

 

The feedback matrix  is given as: 

                      (22) 
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4.2 LQR controller design for acceleration 
minimization 
 
When the motor torques are applied, the platform 
will produce an acceleration as shown in Eqn. (5). It 
provides another way to reduce the motor torques 
by reducing the mobile platform’s acceleration. The 
second controller is designed here with this purpose. 
In this case, the inputs are two accelerations along 
the X and Y axis as shown in Eqn. (4). To compare 
the performances between the two controllers, the 
values of the weight matrix  and  are kept the 

same. The state feedback matrix  based on the 

acceleration optimization is calculated as 
 

 (23) 

 

5. Simulation Analysis 
5.1 Simulation Model 
 
A Simulink® model of the MPMW with inverted 
pendulum system is established as shown in Figure 
3. 

 

 
Figure 3: Dynamics model of the pendulum 

 
The pendulum is connected through the universal 
joint to the MPMW (as shown with solid line). There 
is no rotation of the platform on the ground, and the 
motion of the platform is constrained in translational 
motion on the ground (as shown with dashed line) 
only. 
  

5.2 The result of motor torques optimization 
 
The system designed above was simulated for the 
yaw angle from 0° to 360° and the intersection 
angles are set as 2°, 4°, 6°, 8° and 10°. Figure 4 shows 
the torque curve in terms of the pendulum’s yaw 
angle.  

Figure 4: Maximum torque curve 
 
Each curve in Figure 4 represents the maximum 
torque in different yaw angles. The curves from 
inward to outward are drawn with the intersection 
angle from 2°to 10°. The torque value increases with 
the increasing intersection angle under the same 
yaw angle. The maximum torque value increases 
with the yaw angle from 0° to 45°, but decreases 
with the yaw angle from 45° to 90°.  

The accelerations to move the pendulum back 
to the equilibrium position are roughly the same 
when the pendulum has a same intersection angle.  

If  denotes the linear acceleration, the 

acceleration components can be obtained as:  

 
(24) 

Combining it with Eqn. (5), it can yield  
 

 
(25) 
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After simplification, it can be transferred to 
 

 

(26) 

where  and  are trigonometric functions and the 

period is 2 . The phase difference is π/4 indicating 

the maximum torque. 
The maximum values of the four motor torque 

corresponding to a certain intersection angle are 
listed in the Table 2. 
 

Table 2. Torque values under different intersection 
angle 

Intersection Angle 
(°) 

2 4 6 8 10 

) 2.1 4.3 6.5 8.7 10.8 

) 1.5 3.1 4.6 6.1 7.7 

 
The maximum torque is beyond the motor static 
torque when the intersection angle is larger than 6°. 
The stable range of the intersection angle is between 
0° to 6°. 
 

5.3 The result of acceleration optimization 
 
With the same intersection and yaw angle, the 
simulation result of the acceleration input 
optimization is presented in Figure 5. The polar 
angle is the pendulum’s yaw angle and the polar 
radius is the maximum torque of the four wheels. 

 
Figure5: Maximum torque about yaw angle curve 

 
Comparing it with Figure 4, the two torque are same, 
as analysed above. The maximum value of the four 
motor torques in a certain intersection angle are 
given in Table 3. 
 

Table 3. Torque values under different intersection 
angle 

Intersection Angle 
(°) 

2 4 6 8 10 

 2.2 4.4 6.6 8.8 11.0 

 1.6 3.1 4.7 6.2 7.8 

 
The motor torque value of the optimization based on 
torque is larger than the optimization based on 
acceleration, because the weight is different in the 
two methods. Eqn. 25 can be simplified as  

 
(27) 

 
The forms of acceleration input and torque input are 
linearly dependent. The objective function for both is 
the same , but the input term   is different. 

The input weight matrix is R, so R can be written as 
follows by the symmetry: 
 

 (28) 

 
Substituting (27) for R in (28) gives, 

 

 
(29) 

 
For the two optimization methods, the mathematics 
expression are linear dependent, meaning that the 
different control model can convert their input 

weight coefficients to have the same performance. 
Especially, when k = 0: 
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(30) 

 
The two optimization methods only have different 
weight values. By changing the weight matrix value, 
the optimization based on acceleration will have the 

same performance as the optimization based on 
torque.  
Bring the new weight matrix into the state-space 
Eqn. (4). 
 

 
(31) 

 
The new state feedback matrix after optimization is: 

 

                                                      (32) 
The values are the same as (22). 
 

6. Experiment 
 
A set of experiments showed the performance of the 
real-system, and the freedom of the pendulum in Y-Z 
plane has been constrained to reduce the difficulty of 

the experiment. In these experiments, the 
acceleration, orientations, and angular velocities of 
pendulum are measured and then the acceleration of 
the MPMW is calculated by the measured data. 

 

 
Figure 6: Sensor coordinate and the vehicle coordinate 

 
The relationship of the measured data and the 
acceleration of the MPMW is shown in (23). 
 

 (33) 

 
The vector  is the measured acceleration of  

the pendulum, the vector  is the calculated 

acceleration of the MPMW.  
Each experiment has the recorded sensor data. 

To avoid the platform moving too fast to hit people, 
the velocity of the platform is limited below 
2000mm/s.  

An emergency stop will be triggered 
automatically when the velocity over this limitation. 
The experiment data is shown in Figure 7 to 16. 

 

 
Figure 7: Accelerations curve of experiment 1 

 

 
Figure 8: Intersection curve of experiment 1 

 



Control of a 2-DOF Inverted Pendulum on an Omni-directional Platform 

 

 

International Journal of Mechatronics and Applied Mechanics, 2018, Issue 4 23 

 
Figure 9: Accelerations curve of experiment 2 

 
Figure 10: Intersection curve of experiment 2 

 
Figure 11: Accelerations curve of experiment 3 

 

 
Figure 12: Intersection curve of experiment 3 

 
Figure 13: Accelerations curve of experiment 4 

 

 
Figure 14: Intersection curve of experiment 4 

 

 
Figure 15: Accelerations curve of experiment 5 

 
Figure 16: Intersection curve of experiment 5 
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The time-intersection angle curve records the 
relationship between the intersection angle and the 
time. It can be found that the intersection angle 
increases with time and the system is unstable. In 
the time-acceleration curve, the red dotted line is the 
platform acceleration which was calculated based on 
the sensor data.. It can be seen that the change in the 
actual acceleration curve of the system is always 
lagging behind the theoretically acceleration curves.  

The system acceleration curves become suddenly 
abrupt at 800ms, and the intersection angle at  
around 8 degrees. Theoretically it can be seen that 
the motor has been unable to produce enough 
torque to response the theoretical acceleration at 
this moment.. 

It can be found that the blue curves did not follow 
the red curves very well. There is a delay between 
the red curves and the blue curves. 
 By measuring the time interval between two sharp 
points (the first jump of these curves), the results are 
listed in Table 4. 

Table 4.  
Maximum torque values under different angle range 
Intersection Angle (°) 2 4 6 8 10 

Delay (ms) 20 20 20 30 70 
 

The average delay of the system is 32ms. The 

existence of system delay resulted in the instability 

of the system so the controller could not stabilize the 

pendulum in the vicinity of the equilibrium position.  

There are several reasons which cause this 

system delay. First, the operation period in the 

controller computer is 10ms. Each time, the sensor 

signal changes, the current input signals processing 

requires 10ms to read the sensor signals and 

calculate the output signals to drivers. Second, there 

is an electrical time constant, and the motor 

response is 5 to 10ms. At last, the friction effect 

results in the delay of the platform’s response as 

well. 

The first and second reasons are the inherent 

delay which cannot be changed, but the output 

torques could be increased by increasing the output 

values. Bigger motor torque may overcome influence 

of frictions, so the feedback coefficient is adjusted to 

twice the original value to make another set of 

experiment to observe the performance of the 

system with the results given in Figure 17 to 26. 
 

 

 
Figure 17: Accelerations curve of experiment 6 

 

 
Figure 18: Intersection curve of experiment 6 

 
Figure 19: Accelerations curve of experiment 7 

 

 
Figure 20: Intersection curve of experiment 7 

 



Control of a 2-DOF Inverted Pendulum on an Omni-directional Platform 

 

 

International Journal of Mechatronics and Applied Mechanics, 2018, Issue 4 25 

 

Figure 21: Accelerations curve of experiment 8 

 
Figure 23: Accelerations curve of experiment 9 

 

 

Figure 22: Intersection curve of experiment 8 

 
Figure 24: Intersection curve of experiment 9 

 

 
Figure 25: Accelerations curve of experiment 10 

 
Figure 26: Intersection curve of experiment 10 

 
 
In this set of experiments, the delay of acceleration is 
reduced and the speed is faster than it in previous 
experiments. The change of acceleration is more 
violent. The reason is that the feedback coefficient is 
bigger than the previous one, and the stable time is 
200ms, which is the same as the previous 
experiments.  
 

7. Conclusion 
 
Two LQR controllers are designed based on the 
optimization of the acceleration and torque for an 
inverted pendulum mounted on an omni-directional 

mobile platform. The maximum torques of the 
motors have a four-leaves clover shaped distribution 
in the polar coordinate system when the intersection 
angle is constant. The motor torques and the 
acceleration of the platform are linearly dependent.  

Changing the input weight matrix can obtain the 
same performance in different input models of LQR 
control.  

This paper is focused on the performance in 
which the friction and the initial angular speed is 
negligible, and their effects will be studied in future 
research. Two sets of experiments are carried out to 
show the performance of the controllers.  
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According to the results of the experiments, a 
conclusion has been obtained that system can reach 
a stable state within 200ms. 
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