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Abstract - The purpose of this paper is to present the results of two methods of calculating beams
subjected simultaneously to bending and compression: no taking into account the influence of the
beam displacements on momentum of compressive force (first order theory) and taking into
account (second order theory). The relations obtained for one particular case in the MATHCAD
program and we obtained the diagrams of the sectional shear and bending efforts, and the diagrams
of deformation beam (displacements and slopes). These diagrams allow the comparative study of
the results obtained by the two mentioned theory. We also simulate the position of the transverse
force on the beam so that the maximum displacement is obtained, by the first theory and the second

theory of calculus.
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1. Introduction

The stability calculus of elastic beams subjected to
compressive and bending loads are solving using
two methods: the first order theory - without taking
into account the effect of compression force - and the
second order theory - taking into account the effect of
compression force [3], [7], [8].

In this chapter we consider the particular case, a
simple straight beam with profiled standard section,
having the section area

A and axial moments of inertia I, know, which is
fixed at one end and supported elastic at the other.

The beam is subject to bending and compression
simultaneous loads by the transverse compressive
force Q and the axial force P (smaller than buckling
critical force Pcr).

We obtain the functions of bending moments,
rotation and displacements for the curved fiber
beams, according to the first order theory of calculus
and also to the second order theory of calculus - i.e.
taking into account the influence of compressive
force.

These analytical expressions are introduced into
MATHCAD professional program and we obtain the
diagrams of bending moment Mi(x), rotation ¢i(x)
and displacements w:(x) for first order theory.

Also, we obtain the diagrams of bending moment
M:(x), rotation ¢z(x) and the displacements wz(x) for
second order theory.

2. The First Order Theory for Calculus of
Beam Subjected to Compressive and
Bending Loads

In Figure 1 it consider a particular case of straight
beam of length L, having the section area A and axial
moments of inertia I, known. For this case, we wrote
the functions of bending moments, of rotation and
displacements for the beams, according to the first-
order theory - i.e. without taking into account the
influence of compressive force on bending moments.

The beam is subjected to bending and
compression loads by the external moment N, the
transverse force F, the uniformly distributed force g
and one axial compression force P - whose effect on
bending moments can be neglected [2], [3].
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In Figure 1 we note:
- wo, o - the displacement and rotating of the left end
of the beam;
- To, Mo - the corresponding shear forces and bending
moment for the left end of the beam.
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We obtain the displacement wi(x) and rotating
¢1(x) functions as solution of the differential
equation of curved fiber of beam [1], [4], [5], [6]:

dw_ My(x)

dx? E-I

(1)

y

Where the bending moment My(x) function is
written using step function @(x-a) of MATHCAD
program, as particular relationship for this case:

My (X)=Mg - @(x)+N-@(x—a)+T, - x-@(x)- F-(x—b)-@&(x—b)-

—%O-cb(x—c)-(x—c)2 +%~<Z>(><—d)-(x—d)2

By integrating the differential equation (1) we
obtain the rotation function ¢1(x) of the section
beam using step function @(x-a); for this purpose we

dw, (X)
dx

P (x)=

=tan[p; (x)]= ¢y (x)

dwy(x) _ 1
dx =

0o ———[Mg -x-@(x)+ N -(x—a)-tD(x—a)+T?°-x2 -(x)—

(2)

approximate the first derivative function of
displacements with the slope:

(3)

—%(x—b)z-@(x—b)—qG—o(x—cf-@(x—c)+%~(x—d)3-q§(x—d) ]

By integrating the differential relation (3) we obtain the displacement function w1(x) of the curved beam:

WI(X)=Wq + @ ~x—i{&~x2 -(D(x)+%~(x—a)2 ~cz>(x—a)+-%°vx3 -@(x)-

El, | 2

(4)

F 3 do 4 q 4 .
—E(x—b) ~¢7(x—b)—ﬂ~(x—c) ~§D(x—c)+ﬂ~(x—d) ~o(x-d) |

The expressions (2), (3) and (4) vas introduced
into the MATHCAD professional program to draw the
bending, rotation and displacement diagrams.

3. The Second Order Theory for Calculus
of Beam Subjected to Compressive and
Bending Loads

In Figure 2 it consider a same particular case of
straight beam of length L, having the section area A
and axial moments of inertia I, known.

For this particular case, we wrote the functions of
bending moments, of rotation and displacements for
the curved fibre beams, according to the second-
order theory- i.e. taking into account the influence of
compressive force on bending moments.

The beam is subjected to bending and
compression loads by the external moment N, the
transverse force F, the uniformly distributed force q
and one axial compression force P - whose effect on
bending moments cannot be neglected [3], [7], [8].

Yo

o) o

Yo I gnlan s
\ -

W

a

z Figure 2

Figure 2

For this particular case we note also:

- wo, @ are the displacement and rotating of the left
end of the beam;

- To, Mo - the corresponding forces and moment of
the left end of the beam.

We obtain the displacement wz(x) and rotating
¢2(x) functions as solution of the differential
equation of curved fiber of beam [1], [3]:

2 2
IM;  gep.dW (5)
dx dx

If we derivates twice the differential equation of
curved fiber (1) and taking into account the
relationship (5) we obtained the differential
equation:

d4W+ P _dzw_q ©)
dx*  E-l, dx?

The solution of the differential equation (6) is
written as follow:
w2(x)=C, sin(kx)+C, cos(kx)+Csx+C, +W

92(x) = kC, cos(kx) — kC, sin(kx) + C, +Z—W
X

(7)

If we derivates twice the differential equation (7)
we obtained the bending moment function Mi(x)
respectively the shear functions T(x):
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2 - 2 d’w
M2(x)=-El, | —k“Cy sin(kx)—k“C, coskx+ e

3 3 . diw
T2(x)=El, | k*C, cos(kx) -k~C, smkx—d?

(8)
where: k is one parameter depending of the
compressive force P:
k2=_"

E-I,

9)

- C1, Cz, C3, C4 are the constants determined from the
boundary conditions of curved beam
(displacements and rotations of the beam ends);

— _ dw
W(x), o(x)= o are the particular solutions
X

suitable for external loads N, F, q.

This particular solution for external loads N, F
and q is written [1], [3], [7], [8]:

WN(x)z—%(l—cos(k-(x—a))) for x> a

v—vF(x):%(k-(x—b)—sin(k.(x—b))) for x=b

_ g d .
Wy (x)=—-](k-(x—t)—sin(k-(x—t)))dt for xe(c,d)

kP ¢

If the origin parameter values: wo, s, Mo and Ty are
know, it can written the boundary conditions take
into account the relationship (7) and (8):

W,(0)=w, =C, +C,

Pr(X) =0y =kC +C4

M(0)=Mgy =E-I(k*-C;)

T(0)=To+P-gy =E-1,(K*-C;) an

W, (X) =W, +%sin(k-x)f%(l—cos(k-x))f

(10)

The expressions of constants Ci, Cz C3 Cs are
obtained as followed:

T, 0 M, M T M
C :io_i.io; C, = 0 :70; C :—i; C, =W, ——2 (12)
kp k2 El, k2 P Topr 0 p

Substituting expressions functions (12) into
relations (7) and (8) we obtained the relationship of
displacement w3(x), rotating ¢z(x), bending moment
M2z(x) and shear functions Tz(x) functions:

(k-x—sin(k -x))+ W

?,(X) =g -cos(k-x)f%k-sin(k-x)—TFO(lfcos(k-x))Jrc:j—vz (13)

27
M,(x)= E|y(¢o ~k~sin(k-x)+%k2 ~cos(k‘x)+TF°k~sin(k~x)— ‘:jx‘;"J

3—
T,(x) = Ely[(po k2 -cos(k'x)—%ﬁ ‘sin(k~x)+TF°k2 -cos(k - x)— d Wj

4. Particular Case Study of First and
Second Order Theory of Calculus

For particular case study we consider a straight
beam from Figure 3 with length L= 5m, profiled
standard section [18 (STAS 565-80) having section
area A = 27.9 cm? and axial moments of inertia I, =
81.3 cm* ( I,= 145 cm*). The beam is fixed at one end
and supported to helical spring at the other end. The
beam is subject to bending and compression loads by
one transverse force Q=2,5 kN applied to embedding
distance al (a=0,5) and one axial force P=0,25Pcr
(Pcr is the buckling critical force), at the other end.

The material beam has the following mechanical
characteristics: longitudinal elastic modulus E =
2,1-105 MPa; yield stress oc = 150 MPa, coefficient of
thinness to buckling Ao = 105.

Cylindrical helical spring has the following
characteristics: d = 18 mm, D = 100 mm, elastic shear
modulus G = 85-10° MPa, n = 9 rings.

The study was done for the following cases:
CASE 1: For first-order theory of calculus we
calculate the reaction moment/forces My, Ty, Va and
drawing the diagrams of moments, displacements
and rotations, with (2), (3), (4) relationship and
MATHCAD program facilities.

CASE 2: For second-order theory of calculus we
calculate the reaction moment/forces My, Ty, Va and
drawing the diagrams of moments, displacements
and rotations, with (13) relationship and MATHCAD
program facilities.

For first-order theory and second-order theory of
calculus we drawing the comparative diagrams of
bending moment, displacements and rotations.
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CASE 1: The first-order theory of calculus

The unknown reaction moment/forces Mo, To, Va
are obtained from equilibrium equations of
Mechanics, and the condition of proportionality of
reaction Va with displacement wa[11], [12] (Figure
3):

The equilibrium equations of Mechanics are
written:
YF, =0 = Tp+V,-Q=0
XMy =0 = My+Q-aL-V,-L=0
The condition of proportionality (14) lead to
expression of reaction To:

(15)

—a) 2-E-l
g (=) Vs
3 L
2 ZET,
L3

1-—

A

T = -Q (16)

Oa

The bending moment M;(x) function is written

8.D%.n using step function @(x-a) of MATHCAD program, for
Wp =0pVa; Op = odt (14) this case as particular relationship:
ML(X)=M, - @&(x)+ Ty - x-D(x)-Q-(x—alL)- D(x—al)+V, -(x—L)-D(x L) (17)

The relationship (3) and (4) of rotation function ¢:(x) and displacements function wi(x) are becoming:

(pl(X):—i[M x-@(X)+T, -ﬁ-w(x)—Q
El, " ° ° 2

2 3
Wl(X):—$|:M0 ~X7~<D(x)+T0 ~%~<D(x)—Q
y

The diagrams of moments, displacements and
rotations for this particular case are obtained with
relationship (17), (18) and MATHCAD program
facilities; they are drawing in Figure 4.
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We can seen from the Figure 4 that the maximum
bending effort is obtained for
x = aL and the maximum displacement is obtained
from condition:

Wz(x):—li—op(k-x—sin(k-x))—%(l—cos(k-x)ﬁ&

ww(x_aL)_,_VA

(x—al)®

O o] (18)

‘¢(x_aL)+vA%.¢(x_ 0]

dol(x) _,
dx
Using MATHCAD program facilities (root

function) we obtain:
M,(al)=7.6466x10° Nmm

root((pl(x),x,2000,4000):2.8631><103 mm (19)
Wy oy = 7446 mm

CASE 2: The second-order theory of calculus

The reaction moment/forces Mg, To, Va are
obtained from equilibrium equations of Mechanics
(15), and boundary condition of displacement [1],
[3]:
W(L)=V, -0,
M iy( L) =0 (2 0)

The relationships (13) of displacements wa(x),
rotation ¢z(x), and bending moment M:(x), are
writing for this particular case as follow:

(k(x—aL)-sin(k-(x-aL)))- &(x—al)

q)z(x):—%o(l—cos(k-x))—%k-sin(k-x)+%(1—cos(k-(x—aL)))@(x—aL) (21)

Q

Mz(x)z%-sin(k-x)+ Mg ~cos(k-x)+V?B-sin(k-(x—aL))-@(x—aL)—I-cos(k-(x—aL))-(D(x—aL)
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Taking into account the relationships is achieved the expression of To, Mg, Va

3
(1-cos(kL))- sin(kL-(la))cos(kL)-[(la)kL sin((lfa)kL)—[%J E-l, -5A]

To=-Q 3
(l—cos(a~kL))~sin(kL)—cos(kL)-[kL—sin(kL)—[kLL] E-l, ~5A]
kL)? kLY?
sin(kL)- (1—a)kL—sin((1—a)kL)—(Tj E-l, -éAj—sin((l—a)kL)-[kL—sin(kL)—[Lj E-l, .5A]
Mo=-Q-L 3
(1—cos(a-kL))-sin(kL)—cos(kL)-[kL—sin(kL)—[kLLJ E-l, -5A]
Va=Q-Tp (22)
The diagrams of moments, displacements and We can seen from the Figure 5 that the maximum
rotations for this particular case (the compressive bending effort is obtained for
force P=0,25P.) are obtained with relationship (21) X = oL and the maximum displacement is obtained
fmd.MATHCAD program facilities; they are drawing from condition: del(x) “0
in Figure 5. dx
1516
iﬂw
v’
#2091
o ~—
— L d]
- 150" - 5

Figure 5

M,(al)=9.9185x10° Nmm; root(¢,(x),x,20004000)=2.8776x10° mm
Wy max =10.0195 mm

The critical buckling forces Pcrare obtained for this case from denominator zero condition of relationship (22)
of reaction To, Mo. We note the denominator as function F(kL):

(23)

3
F(kL) = (1—cos(a~kL))~sin(kL)—cos(kL)-[kL—sin(kL)—[%) E-l, .5A]_o (24)
The first solution is obtained with root function of MATHCAD program facilities:
. 3 E-ly .
root| cos(kL) | kL — sin(kL) — (kL) -—3-6A — (1 —cos(kL))-sin(kL) ,kL ,4,6| = 4.4561
L
We obtain in MATHCAD the numerical value of In order to represent the comparative diagrams
buckline f fot thi ) of bending moment, displacements and rotations
uckiing ogces ot this case: obtained with first-order theory (Figure 4) and
P, = (kL) E-l, — P, —1.3561x10° N secon'd-ord'er theory of calculus (Eigure 5) are
2 drawing with MATHCAD program facilities:
(25) - The comparative diagrams of bending moment
The value of axial force used in calculus is: in Figure 6.
- The comparative diagrams of displacements in
P=0,25-Per=33,9025 x103 N (26) Figure 7.
- The comparative diagrams of rotations in
Figure 8.
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Figure 6: The comparative bending moment diagrams
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Figure 7: The comparative displacement diagrams
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Figure 8: The comparative rotations diagrams

The numerical results obtained for the particular
case presented in this section let to conclusion that
the second-order theory is an accurate method and
the diagrams obtained show that increasing
compressive force lead to increasing values of
moments, rotations and displacements compared to
those obtained through the first-order theory.
Figure 7 and Figure 8 show also that the position of
section corresponding to maximum bending moment
(the middle beam) is not located at same distance
with the section corresponding to the maximum
displacement.

Also, can be observed small difference for the
position of section corresponding to the maximum
displacement for first order theory(ximax=2,8631mm)
and second ordertheory(x:maex=2,8776 mm) we
obtained large  differences  between  the
displacements value (Vimax=7,446mm, Vzmax=10,0195
mm).

5. Simulation of Maximum Displacement
Variation with Distance alL of External
Force Q

Figures 9 ... 13 shows the variation of bending
moment, displacement and rotation corresponding
to five different parameter values a=0,1; «=03;
a=0,5; a=0,7; a=0,9. So we found the position of the
transverse force on the beam Q so that is obtained
the maximum displacement, both using the first-
order theory and the second-order theory of
calculus.

1240,
1=1(ff
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0 500 w¢ 1506 20 25a¢ 300 35400 sl 45000 sa0
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Figure 9: Variation of bending moment, displacements
and rotations for a=0,1Xmax=2435,9 mm; Vzmax =0,8165
mm.

0 500 110

1546 246 25400 346 3540 446 4546 5q¢

Figure 10: Variation of bending moment,
displacements and rotations for a=0,3Xmax=2625,1
mm; Vemax=5,4856 mm.

0 500 ¢ 1500 2000 25aF  3ad 3sad sad asad sad

Figure 11: Variation of bending moment,
displacements and rotations for a=0,5xmax=2877,6
mm; Vemax=10,0195 mm.
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Figure 12: Variation of bending moment,
displacements and rotations for a=0,7xmax=3234,3
mm; Vemax=10,4003 mm.
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Figure 13: Variation of bending moment,
displacements and rotations for a=0,9  Xxmax=3845,3
mm; Vzmax=6,1485 mm.

Table 1
Variation of maximum displacement
Vimax (First Theory) si vamax (Second theory)

a Vimax V2max
0,1 0,6312 0,8165
0,2 2,1692 2,8578
0,3 4,1102 5,4856
0,4 59993 8,0657
0,5 7,446 10,0195
0,6 8,149 10,8839
0,7 7,9418 10,4003
0,8 6,8942 8,6689
0,9 5,3605 6,1485

Table 2
Variation of maximum displacement (frame
0.55...0.7)
Vimax (First Theory) si vzmax (Second theory)
a=0.55 ... a=0.70

a Vimax V2masx

0,55 7,9049 10,6105
0,56 79716 10,6917
0,57 8,0295 10,7599
0,58 8,0785 10,8148
0,59 8,1183 10,8562

0,6 8,149 10,8839
0,61 8,1703 10,8978
0,62 8,1823 10,8976
0,63 8,1847 10,8834
0,64 8,1777 10,8552
0,65 8,1613 10,8131
0,66 8,1355 10,7573
0,67 8,1006 10,688

0,68 8,0565 10,6052
0,69 8,0035 10,5093

0,7 7,9418 10,4003

6. Conclusions

From the numerical results obtained for the particular
case presented in this chapter it can be concluded that
the method of second-order theory is an accurate
compared to those obtained through the first-order
theory and the simulation by increasing of o parameter
indicate increasing and decreasing of deformations as
shown in Figures9 ... 13; this result can allow to find the
distance alLof transversal force O which displacement is
the maximum (Table 1 corresponding to Figure 15 and
Table 2 corresponding to Figure 14). By simulating the
displacement variation for the two theories, the position
of force Q was obtained so that the displacement was
maxim; the position of section corresponding to
maximum displacement is not same for the two theories:
1. The  first  theory: OL(Vima)=0,63  L;
Vima=8,1847 mm
2. The second Theory: ol (Vamax)=0,61 L;
Vamax=10,8978 mm
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Figure 14: The variation of Maximum displacement vZmax depending to a
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Figure 15: Maximum displacement obtained by first and second theory
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