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Abstract - The most common and efficient method to model the dynamics of the robotic 
manipulator is the Newton-Euler Recursive method (NERM). However, in the field of hydraulically 
actuated robotic serial manipulators, there are few literatures using NERM to establish dynamic 
models in detail. Therefore, this paper, taking the 7-degree-of-freedom (DOF) heavy-duty hydraulic 
serial manipulator (HDHSM) as an example, introduces the modeling process based on NERM in 
detail. To address closed-chain structure of HDHSM, the conversion relationship between the 
expansion length of hydraulic cylinder and the angle of joint rotation, and the relationship between 
the joint force and the thrust of the cylinder, is derived. Then this paper also uses Lagrange method 
to establish the dynamics model of HDHSM and compares computational efficiency with NERM. 
Finally, the multi-body dynamics simulation software RecurDyn is used to carry out simulation 
analysis, and the results are compared with those calculated by MATLAB (with "Maple TM Toolbox 
for mat lab") to verify the accuracy of the two modeling methods in this paper. 
 
Keywords: Robotic Manipulator; Newton-Euler Recursive Method (NERM); 7-Degree-of-Freedom 
(DOF); Heavy-Duty Hydraulic Serial Manipulator (HDHSM). 

1. Introduction 
 
Robotics Technology will become dominant in the 
coming decade. The size of the Robotics market is 
projected to grow substantially to 2020 [1]. In most 
of heavy-duty applications (e.g., construction, 
forestry, mining), HDHSM had remained the most 
practical solution due to their large power-to-weight 
ratio, simplicity, robustness and low cost in 
comparison to electric manipulators [2]. A control 
design for hydraulic robotic manipulators is a 
challenging task due to their highly nonlinear 
dynamic behavior [3]. For simple and highly 
repetitive tasks (e.g., palletizing and handing) of 
HDHSM, non-model-based control methods may be 
able to meet the performance requirements. 
Nevertheless, with the continuous development of 
manufacturing industry, the application of HDHSM is 
extended to the assembly and maintenance of heavy 
equipment, and other applications that require 
higher control performance, which starves for more 
advanced control methods.  
As known in comparison of different control 
methods based on performance indicator ρ [2] by 
Mattila et al., nonlinear model-based control 
methods outperform other methods in the control of 
hydraulic manipulators.  

The main idea in nonlinear model-based control 
methods is to design a specific feed forward term to 
proactively generate the required actuation forces 
from the required motion dynamics. The feed 
forward term is designed using the system inverse 
dynamics and it should be responsible for the major 
control actions [4, 5]. Therefore, it is very important 
to establish an accurate and efficient inverse 
dynamic model for HDHSM system, especially for the 
multi-DOF cases. NERM and Lagrange method are 
common solutions for establishing dynamic models 
of robotic system. The main advantage of NERM over 
Lagrange method is that it has higher computational 
efficiency, which is particularly critical in the case of 
multi-DOF. Although some literature about modeling 
and control methods (e.g., [6]–[19]) for hydraulic 
manipulators are available, only few papers ([6] – 
[8]) used NERM to model the dynamics of HDHSM. 
Moreover, the derivation process of these papers 
([6] – [8]) is not detailed. Therefore, this paper 
model the dynamics of 7-DOF HDHSM step by step 
using Newton Euler recursion method. Moreover, 
the efficiency of NERM is verified by comparing the 
calculation time with Lagrange method. 

The paper is organized as follows:  
Section 2 provides the mechanical structure of 7-

DOF HDHSM. 
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 Section 3 formulates the kinematics of HDHSM 
and derives the conversion relationship between the 
expansion length of the hydraulic cylinder and the 
rotation angle of joint.  

Section 4 detailed models the dynamics of 7-DOF 
HDHSM based on NERM and derives the conversion 
relationship between the joint force and the thrust of 
the cylinder.  

Section 5 uses Lagrange method to establish the 
dynamics model of HDHSM and compares the 
computational efficiency with NERM. In particular, 
the "Maple TM Toolbox for mat lab" is used to 
perform symbolic operations during the Lagrange 
dynamics modeling.  

In section 6, the multi-body dynamics simulation 
software Recur Dyn is used to carry out simulation 
analysis, and the results are compared with those 
calculated by MATLAB (Section 4 and 5) to verify the 
accuracy of the two dynamic modeling methods in 
this paper.  

Section 7 concludes the paper. 
 

2. Manipulator Structure  
 

The structure of the 7-DOF HDHSM is shown in 
Figure 1. Turntable L1 is connected with the base L0 
by revolute joint H1.  

The joint H1, driven by hydraulic motor D1, rotates 
through a rotary reducer to achieve the overall 
rotation of the manipulator.  

Main arm L2 is connected with turntable L1 by 
revolute joint H2 driven by hydraulic cylinder D2 to 
achieve the pitching action of main arm.  

Telescopic arm L3 is connected with main arm L2 
by prismatic joint H3 driven by hydraulic cylinder 
D3 to achieve the long range telescopic motion of the 
manipulator. Flat swing wrist L4 is connected with 
telescopic arm L3 by the revolute joint H4 driven by 
the hydraulic swing motor D4 to achieve the wrist 
rotation around the local y-axis.  

Telescopic wrist L5 is connected with flat swing 
wrist L4 by prismatic joint H5 driven by hydraulic 
cylinder D5 to achieve small range telescopic motion 
of wrist along local Z-axis.  

Rotary wrist L6 is connected with telescopic 
wrist L5 by revolute joint H6 driven by hydraulic 
swing motor D6 to achieve wrist rotation around 
local z-axis. Pitching wrist L7 is connected with 
rotary wrist L6 by revolute joint H7 driven by 
hydraulic swing motor D7 to achieve wrist rotation 
around local x-axis.  

There is a fixed joint between the pitching wrist 
L7 and the load L8. The load L8 is not shown in 
Figure 1. 

 

 
 

Figure 1: Structure of hydraulic heavy-duty manipulator. 
L0-base, L1-turntable, L2-main arm,  L3-telescopic arm, L4-flat swing wrist, L5-telescopic wrist, L6-rotary wrist, L7- 

pitching wrist, D1-hydraulic motor, D2-hydraulic cylinder, D3-hydraulic cylinder, D4-hydraulic swing motor, D5-
hydraulic cylinder, D6-hydraulic swing motor, D7-hydraulic swing motor 
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3. Kinematics 
 

3.1 Reference system and generalized 
coordinates 
 

As shown in Figure 2, the inertial coordinate 
system OXYZ is attached to point O (the base point of 
the HDHSM). Seven local coordinate systems 

 are attached to seven ideal constrained 

points , and the initial directions of the 

seven local coordinate systems are consistent with 
the inertial coordinate system, which contain seven 
generalized coordinates .  

Therefore,  is  

generalized coordinate vector. Details are shown in 
Table 1. 
 

 

Table 1. Generalized coordinate 
Joint i generalized 

coordinates 
Constraint 

type 
Direction 

1 
 

Revolute Y 

2  Revolute X 

3  Prismatic Z 

4  Revolute Y 

5  Prismatic Z 

6  Revolute Z 

7  Revolute X 

 
Figure 2: Coordinate systems and generalized coordinates 

 
Specially, what drives the joint 2 to rotate is the 

hydraulic cylinder D2, so the linear motion of the 
cylinder is converted to the rotational motion of  

joint 2. The conversion relationship between  and 

telescopic length  of hydraulic cylinder D2 is 

derived as follow. 

 
Figure 3: Conversion relationship between  and . 



Inverse Dynamic Modeling and Simulation of Multiple-Degree-of-Freedom Heavy-duty Hydraulic Manipulator 

 

 

International Journal of Mechatronics and Applied Mechanics, 2019, Issue 6, Vol. II 90 

As shown in Figure 3. 

 

 

 

    (1) 
Where: 

 
 
3.2 Driver definition 
 

In the inverse dynamics problems, the positions, 
velocities, and accelerations ( ) of the joints 

are known. Therefore, the STEP function is used to 
define the drive for each joint, as shown in Table 2. 
 

Table 2. Drive definition 

Joint Variable Expression 

1  step(t,0,0,5,2.093) 

2  step(t,0,0,5,-500) 

3  step(t,0,0,5,1000) 

4  step(t,0,0,5,-1.047) 

5  step(t,0,0,5,-50) 

6  step(t,0,0,5, -1.047) 

7  step(t,0,0,5, -1.047) 

 

3.3 Rotation matrix and position vector 

 is the rotation matrix of the local coordinate 

system {i} relative to the local coordinate system {i-
1}. 

; 

; ; 

; ; 

; 

; ; 

 denotes the position vector form  to : 

 

;    ;  

; ; 

;   ;  

;   ; 

 

3.4 Homogeneous transformation matrix 
 
The kinematics equation of the manipulator is 
 

                   (2) 

where   .  

 is the rotation matrix of the end load of the 

manipulator relative to the inertial coordinate 

system.  Denotes the position vector of the 

manipulator end effectors in the inertial coordinate 
system. Therefore  is the position and attitude of 

the manipulator end effectors in the inertial 
coordinate system. 

The curve of position vector of manipulator end 

effectors  is solved through Eq. 2 based on 

MATLAB, with results displayed in Figure 4. 
 

 
Figure 4: Position vector of manipulator end effector. 

 

3.5  and  

 denotes the rotation direction of joint i 

relative to coordinate system {i};  denotes the 

translation direction of joint i relative to coordinate 

system {i}. The details are shown in Table 3. 
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 Table 3.  and  

Joint 
i 

Constraint 
type 

direction 
  

1 Revolute Y 
  

2 Revolute X 
  

3 Prismatic Z 
  

4 Revolute Y 
  

5 Prismatic Z 
  

6 Revolute Z 
  

7 Revolute X 
  

 

3.6 Angular velocity and angular 
acceleration 
 

                           (3) 

   (4) 

where  and  are, respectively, angular 

velocity and angular acceleration of link i in 
coordinate system {i}.  

 is the transformation matrix of . The base 

B0 is fixed, so , . 

The angular velocity  and angular 

acceleration  are solved through Eqs.3-4 based 

on MATLAB, with results displayed in Figure 5. 
 

 
(a)Angular velocity.           (b) Angular acceleration. 

Figure 5:  Angular velocity and angular acceleration. 

 
 

3.7 Joint linear velocity and linear acceleration 

                                                             (5) 

                             (6)

where  and  are, respectively, linear velocity 

and linear acceleration of joint i (points ) in 

coordinate system {i}. The base B0 is fixed, so 

, . 

The results of  and  calculated by MATLAB 

through Eqs.5-6 are shown in Figure 6.  
 

 

(a) Joint linear velocity 
 

 
(b) Joint linear acceleration 

Figure 6: Joint linear velocity and linear acceleration 
 
 

3.8 Centroid linear velocity and linear 
acceleration 

 

                                          (7) 

  (8) 
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where,  and  are, respectively, centroid 

velocity and acceleration of link i in coordinate 

system {i}.  denotes the link-joint vector, which 

represents the position of the centroid of link i in the 

 coordinate system {i}. Details of  are shown in 

Table 4. 
 

Table 4. Link-joint vector of every link 
Bi 

 

1  

2  

3  

4  

5  

6  

7  

8  

 

The Centric Linear Velocity  and Linear 

Acceleration  are solved through Eqs. 7-8  

based on MATLAB, with results displayed in Figure 
7. 

 
(a) Centroid linear velocity 

 

(b) Centroid linear acceleration. 
Figure 7: Centroid linear velocity and linear 

acceleration. 
 

4. Newton-Euler Dynamic 

The Newton-Euler Recursion method can be used 
not only to derive closed-form dynamic equations, 
but also directly to numerical calculation. So the joint 
driving force/moment can be calculated directly by 
numerical calculation without complex dynamic 
equations, which avoids a large number of symbolic 
operations. Therefore, the dynamics numerical 
calculation based on NERM is efficient enough to be 
used in real-time control. 
 
4.1 Main force and torque 
 

                                                          (9) 

               (10) 

where  is the resultant force on the centroid of 

link i in the coordinate system {i};  is the mass of 

link i and  is the inertial tensor of link i relative to 

its centroid, which are shown in Table 5 specifically. 
 

Table 5. Mass and inertia tensor of links 

Bi /kg 
 

1  [81970012,168721,136758;168721,154601128,17265718;136758,17265718,137858853] 

2  [383999575, -551264, -1118399; -551264, 372730060, -17862267; -1118399, -17862267, 
1003196] 

3  [554494053,13644,-370688;13644,546555326,8958201; -370688,8958201,32952866] 

4  [1114339, 2.7, 11.48; 2.7,1976053,-32846; 11.48,-32846,992094] 

5  [12277442,546,-72.18;546,12004158,304380;-72.18,304380,6194997] 

6  [20724023,39268,267473;39268,23230090,-2066822; 267473,-2066822,7062286] 

7  [6734113,-2511,1271; -2511,47845059,-416182;1271,-416182,43595194] 

8 3000 [245022050,0,0;0,274624714,0;0,0,274624714] 
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4.2 Joint resultant force/torque 
 

                                       (11) 

            (12) 

where  and  is the resultant force and 

resultant torque at joint i in coordinate system {i}. 
 

4.3 Joint driving force/torque 
 

From  and  in Table 3, the driving 

force/torque of each joint: 

                           (13) 

Especially,  is the moment produced by the 

thrust  of cylinder D2 acting on joint 2. Therefore, it 

is necessary to derive the relationship between  

and . The specific process is as follows. Figure 3 in 

Section 3.1 shows that: 

 

 

where  is a unit vector in the same direction as 

, therefore . 

Because  is in the same direction as . 

 

 
By introducing Equation 15 into Equation 14, F 

can be obtained. 
The calculation results of joint force/torque 

based on MATLAB are shown in Figure 8. 
 

 
 

(a) Joint 1, 4, 6 and 7. 
 

 

 
(b) Joint 2. 

 
(c) Joint 3 and 5. 

Figure 8. Joint force/torque. 
 

5. Lagrange Dynamics 
 
Lagrange method replaces force/torque analysis 
with scalar energy. Its main advantage is that there is 
no ideal constraint in the equation, but the 
derivation process of dynamic equation contains a 
lot of symbolic operations. Therefore, we load 
Maple's symbol toolbox "MapleTM Toolbox for 
matlab" in MATLAB, which makes full use of the 
numerical calculation ability of MATLAB and the 
symbol operation ability of Maple. 
 

5.1 Kinetic energy of system 
 

The kinetic energy  of the system is: 

                    (16) 

where . 

 

5.2 Potential Energy of System 

                                                 (17) 
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where  is the y-direction component of the 

position vector  of centroid of link i, 

. 

System potential energy  is gravitational 

potential energy: 
 

5.3 Dynamic equation 
 

The Lagrange’s equation for the 7-DOF HDHSM is 
expressed as 

                                    (18) 
Where , 

. 

After simplification, the following closed dynamic 
equations can be obtained. 

                                  (19) 

Joint force  can be obtained by introducing q and 

its first and second derivatives to Equation 19. The 
calculated results and plotted curves are in 
agreement with those obtained by Newton Euler's 
Recursive method in Section 4.3. 
 

5.4 Test and comparison of computational 
efficiency 
 

a) Test conditions 
Computer CPU: Intel(R) Core(TM) i7-6500U CPU 

@2.5GHz 
Computer System: Window 10 
MATLAB version: R2018b (9.5.0.944444) 
b) Test results 
An inverse dynamics calculation period based on 

Newton Euler recursive method is 0.323ms. That 
based on Lagrange method is 54.9ms which is 170 
times more than Newton Euler recursive method. 
 

6. Simulation 
 
Dynamic simulation software Recurdyn is used to 
verify the correctness of the above two modeling 
methods. 
 

6.1 Modeling 
 

As shown in Figure 9, the 3D model of the 
manipulator is built based on CREO, and then 
imported into RecurDyn. 
 

               
Figure 9:  Modeling using CREO and RecurDyn. 

  
In RecurDyn, the parts of the model are merged 

into seven bodies (body 0 – body 7). And then add 
the load (body 8) to the model. Base L0 is set as 
"Ground" body and L1 ~ L8 is set as "Geometry" 
body. 

6.2 Create constraints and add drivers 
 

All the constraints and drivers created by 
RecurDyn are shown in Table 6. 
 

Table 6: Create constraints and add drivers 

Base Link Action Link Constraint Type Direction Drive Function 
L0 L1 Revolute Y step(t,0,0,5,2.093) 
L1 L2 Revolute X / 
L1 D2- Cylinder Tube Revolute X / 

D2- Cylinder tube D2- Piston Rod Prismatic Z step(t,0,0,5,-500) 
D2- Piston Rod L2 Revolute X / 

L2 L3 Prismatic Z step(t,0,0,5,1000) 
L3 L4 Revolute Y step(t,0,0,5,-1.047) 
L4 L5 Prismatic Z / 
L4 D3- Cylinder Tube Revolute X / 

D3- Cylinder tube D3- Piston Rod Prismatic Z step(t,0,0,5,-50) 
D3- Piston Rod L5 Revolute X / 

L5 L6 Revolute Z step(t,0,0,5,-1.047) 
L6 L7 Revolute X step(t,0,0,5, -.047) 
L7 L8 Fixed / / 

Import 
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6.3 Simulation analysis 
 

Set ‘End Time’ to 6s, ‘Step’ to 60 and ‘Plot 
Multiplier Step Factor’ to 1 in ‘Dynamic/Kinematic 
Analysis’ of RecurDyn. The simulation results of the 
position vector of the manipulator end effector are 
shown in Figure 10, which is consistent with the 
results in Section 3.4. 

 
Figure 10. Position vector of manipulator end effector 

based on Recurdyn simulation 
 

The simulation result of seven joint force/torque 
of the manipulator are shown in Figure 11, which is 
consistent with the results in Section 4.3. 
 

 
(a) Joint force/torque of joint 1, 4, 6 and 7 

 
(b) Joint force/torque of joint 2 

 
(c) Joint force/torque of joint 3 and 5. 

Figure 1: Joint force/torque of the manipulator 
 based on Recurdyn simulation 

 

7. Conclusions 
 
In this paper, the dynamic modeling of the 7-DOF 
HDHSM are established by using Newton Euler 
Recursion method and Lagrange method, 
respectively. Tests show that Newton-Euler method 
is 170 times more efficient than Lagrange method.  

The conversion relationship between the 
expansion length of the hydraulic cylinder and the 
rotation angle of joint, and the conversion 
relationship between the joint force and the thrust of 
the hydraulic cylinder, are derived to address closed-
chain structure of HDHSM. "MapleTM Toolbox for 
matlab" is used for Symbolic operations in deriving 
Lagrange dynamics, which speeds up the symbolic 
operation by X times. The correctness of the 
modeling method is verified by numerical solution 
(MATLAB) and simulation analysis (RecurDyn), 
which provides the basis for the further structural 
optimization and the advanced control of HDHSM. 
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