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Abstract: Among the various types of Michelson interferometers, developed three-longitudinal
mode heterodyne interferometer (DTLMI)has the most measurement accuracy in term of
measuring the displacement in nanoscale. But nonlinearity error is a factor that limits the
measurement precision in all heterodyne interferometers. Hence, in this paper, a new simple
method has been presented for compensating the nonlinearity errors in DTLMI. By using the
presented method, about 96% nonlinearity error can be compensated. Also, simplicity and nonimposing the electronic and optical complexities on the system and high-speed compensation are
among the obvious characteristics of this method.
Keywords: Michelson interferometer, developed three-longitudinal
interferometer, nonlinearity, nonlinearity compensation.

1. Introduction
The main sources of nonlinearity error in
heterodyne laser interferometers are non-ideal
polarization of laser beam and optical parts
especially polarizing-beam splitter (PBS); among
these factors, non-ideal polarization namely nonorthogonality and ellipticity the polarization states
of the source have the largest share in the
nonlinearity error [1]. Up to now, many studies have
been conducted on the effect of various factors on
nonlinearity error and some methods have been
presented for the nonlinearity compensation [2-11].
Some methods which have been provided for
reduction and compensation of nonlinearity errors
can be divided into electronic and optical methods.
Methods presented for compensation of nonlinearity
error are compared in several aspects. First, the
nonlinearity error compensation of proposed
method is how much. Second, how much does this
method add to the optical and electronic complexity
of system.
Third, nonlinearity error resulting from which
resources can be compensated by this compensation
method. Fourth, how much is the rate of
compensation in this method? The latter is so
important especially when the target speed is high.
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A method has been proposed for nonlinearity
error compensation by Eom et al. This method was
based on lock-in amplifier and its advantage was the
high speed of compensation, but in order to use this
method, phase meter section should only be of a type
of lock-in amplifier and if other methods are used,
this method is ineffective [2, 3].
In 2011, Olyaee and Hamedi have presented an
optical method was provided for compensation
which an optical compensator after the output of
laser beam was used and high percentages of
compensation have been obtained [4]. But this
method was used only to compensate the
nonlinearity errors resulting from non-ideal laser
beam and doesn't compensate the error resulting
from other factors.
Also, some compensation methods using the
neural network have been presented which was able
to achieve higher levels of compensation, but speed
compensation was low and wasn't efficient for highspeed target [6, 7].
In this paper, we present a nonlinearity error
compensation
method
for
DTLMI.
This
interferometer, as shown in Fig. 1, utilizes a
stabilized three-mode He-Ne laser source which was
presented by Yokoyama et al. in 2005 [12]. The
advantage of this interferometer is its four-fold
accuracy in measuring the phase difference.
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Figure 1 Schematic diagram of developed three-longitudinal mode heterodyne interferometer (DTLMI).
In interferometer shown in Fig.1, the
displacement of target in the low speed is obtained
through measuring the phase difference between
signals S1 and S2 according to the following relation:
Δ𝜑𝜆
∆L =
(1)
4𝜋𝑛
where, λ is the wavelength of laser central mode, n is
the refractive index, ∆φ is the phase difference and
∆L is the displacement of the target. In the low
speeds of the target, relation between the measured
phase difference and ∆φ is given by:
∆Φ = 4∆φ + 𝜓𝑛𝑙
(2)
where,∆Φis the measured phase difference and 𝜓𝑛𝑙 is
the nonlinearity error phase.
At high speeds, depending on the direction of
velocity, the displacement of the target is obtained
by measuring the phase difference between one of
the S1 and S2 signals with the R signal according to
Eq. (1). In this case, relationship between the
measured phase difference and ∆φ is as the
following:
∆Φ = 2∆φ + 𝜓𝑛𝑙
(3)
Nonlinearity error relations in the mentioned
interferometer are given in section 2 and a simple
and immediate method for compensation of this
error and estimation of nonlinearity error coefficient

are described in section 3. In section 4, efficiency of
the presented method is evaluated through
simulation. Finally, a conclusion is drawn in section
5.

2. Nonlinearity Error Compensation in
DTLMI
Nonlinearity error in DTLMI has been studied by
Olyaee et al. by frequency-path method and Jones
matrices [13-15].If the polarization of laser beam is
non-ideal, then the electrical fields of this beam can
be described as [4]:
1
⃗⃗⃗⃗
𝐸𝐿 = [ ] 𝑒 𝑖𝜔𝐿 𝑡
𝛼
𝛽
⃗⃗⃗⃗
𝐸0 = [ ] 𝑒 𝑖𝜔0 𝑡
1
1
⃗⃗⃗⃗⃗
𝐸𝐻 = [ ] 𝑒 𝑖𝜔𝐻 𝑡
(4)
𝛼
where, ɷ0 is the angular frequency of central mode,
and ɷL and ɷH are the angular frequencies of side
modes. Also, α = |𝛼|𝑒 𝑖𝜑𝛼 and β = |𝛽|𝑒 𝑖𝜑𝛽 expresses
the deviation of ideal state of laser beam. In these
conditions, nonlinearity error in Eqs. (2) and (3) is
computed by:

𝜓𝑛𝑙 = (𝜓1 − 𝜓1′ ) − 2(𝜓2 − 𝜓2′ ) + (𝜓3 − 𝜓3′ ) = −4 sin ∆𝜑 [|𝛼| cos 𝜑𝛼 + |𝛽| cos 𝜑𝛽 ]
In DTLMI, relation between the measured phase and
real phase is given as:
∆Φ = 4∆φ − 4𝑘𝑠𝑖𝑛∆
(6)

(5)

Here, the value of the coefficient k determines the
nonlinearity error rate and depends on such factors
as deviation of laser beam polarization of the ideal
state and also non-ideal optical parts.
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Also in this equation,∆Φ is the value of measured
phase and ∆φis the real phase.
Methods provided for nonlinearity error
compensation should be adequately rapid. In the
compensation method presented in this section, one
approximation has been considered so that since

∆Φ
4

and ∆φ are close to each other, Eq. (6) can be
rewritten as:

∆Φ = 4∆φ − 4𝑘𝑠𝑖𝑛

∆Φ
4

(7)

So, real phase difference can be obtained from the
measured phase difference as:

∆φ =

∆Φ
4

+ 𝑘𝑠𝑖𝑛

∆Φ
4

(8)

Now the point is to obtain the coefficient k with
high precision. In the next section, a simple method
has been presented for estimation of k value.

3. The Estimation of Nonlinearity Error
Coefficient
As stated, the value of the coefficient k depends on
laser beam and optical arrangement of
interferometer that should be estimated when the
laser resource and optical arrangement change in
the interferometer. For this purpose, the target is
moved slowly with constant speed and electronic
parts of phase difference measurement with a
constant sampling rate measure the phase difference
among the signals and send this data to the
processor. Now, much numerical information is
available which indicates the measured phase
difference, but it isn't clear that these numbers
correspond to the how much of real phase
difference. However, it is obvious that the numbers
are located on the curve in Eq. (6) in equal interval.
Curve in Fig.2 shows changes ∆Φ per changes ∆φ for
a k value.

Figure 2. Measured phase difference vs real phase difference in the ideal and non-ideal state.
As shown in Fig. 2, pattern of changes ∆φ is
720 degree whose average is called "a" and another
repeated per 1440 degree. Therefore, the data sent
one consists of numbers varying 720-1440 degree
to the processor can be transferred to a range of 0 to
whose average is called "b".
1440 degrees which is equivalent to 0-360 degree
Now the average value of the Eq.(6) in two
for real phase difference. Now this data is divided to
intervals 0 to 180 and 180 to 360 degrees for ∆φis
two clusters and average of each cluster is
calculated as:
computed. A cluster consists of numbers varying 0180
1
2𝑘
̅̅̅̅
∆Φ =
(9)
∫ (4∆φ − 4𝑘𝑠𝑖𝑛∆φ)𝑑∆φ = 360 − 45
180 0
360
1
2𝑘
̅̅̅̅
∆Φ =
(10)
∫ (4∆φ − 4𝑘𝑠𝑖𝑛∆φ)𝑑∆φ = 1080 + 45
180 180
And by using any of the following relations, k can
be calculated:
45
k = (360 − a)
(11)
2
45

k = (b − 1080)
(12)
2
In ideal conditions, the calculated value for k by
using any of the Eqs. (11) and (12) is a same value,
62

but in the conditions for fewer errors, k is calculated
from both relations in processor and average is used
for compensation.
It should be noted the accuracy of the estimation
of k value in this method is largely dependent on the
sampling rate of the target position. As electronic
parts of phase difference measurement do this in
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less interval, estimated k value is closer to the real
value.

4. Simulation Results
In the proposed approach principle, an
approximation was used and again the efficiency of
this method widely depends on the accuracy in
estimating the value of nonlinearity error coefficient
(k). In the following, first we look at a situation in
which k is completely estimated with its actual value
and no error is existed in estimating k value. The
purpose of studying this state is to evaluate the
approximate effect which has been considered in the

compensation
method
principle
on
the
compensation of nonlinearity error.
First, nonlinearity error is computed in
conditions |𝛼| = |𝛽| = 0.05 , 𝜑𝛼 = 𝜑𝛽 = 0.1 where
k=0.1002 (this value is for a state where∆Φand
∆φare in radian) and the maximum nonlinearity
error equals 5.0482nm.Now, through compensation
by using the proposed method, we can see that the
maximum nonlinearity error has reached at 190
picometer which is equal 96.2% reduction in
nonlinearity error. Fig.3 shows the nonlinearity
error in these conditions before and after
compensation.

Figure 3. Nonlinearity error before and after compensation
in the case where k is estimated without error.
In the following, such states are studied where
there is some error in estimation of k value. For this
purpose, two states are chosen and studied. It should
be noted that all these states have been studied in
the same conditions as Fig.3.
First state: target is moved in constant velocity
10mm/s and electronic circuits sample the location
of target in each 5µs. In this state, according to Eqs.

(11) and (12), k=0.0987 is obtained. Through
compensation by using the proposed method and
this k value, maximum nonlinearity error as 193pm
is obtained which equals 96.18% reduction in
nonlinearity error. Fig.4 shows the nonlinearity
error in this condition before and after the
compensation.

Figure 4. Nonlinearity error before and after compensation in the case
where target is moved with 10 mm/s for k estimation.
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Second state: target is moved in constant velocity
16mm/s and electronic circuits sample the location
of target in each 6µs. In this state according to Eqs.
(11) and (12), k=0.0966 is obtained. Through
compensation of nonlinearity error by using the

proposed method and this k value, the maximum
nonlinearity error as 273pm is obtained which
equals 94.6% reduction in the nonlinearity error.
Curves in Fig.5 show the nonlinearity error in this
condition before and after the compensation.

Figure 5. Nonlinearity error before and after compensation in the case where target is moved with 16 mm/s
for k estimation.
Several states of non-ideal polarization of laser beam are listed in Table 1. Then on linearity error before and
after the compensation and also compensation percent have been presented in this Table for typical error
sources.
Table 1. The results for several states of non-ideal polarization of laser beam.
|𝛂|
|𝛂|
𝛗𝛂
𝛗𝛃
Nonlinearity error
Nonlinearity error after Compensation
before the
the compensation pm)
percent (%)
compensation (nm)
91.2
87
80.5
80.65

77.8
145.6
305
387

0.886
1.124
1.567
2

0.45
0.45
0.50
0.50

0.5
0.5
0.5
0.5

0.01
0.01
0.02
0

0.01
0.02
0.01
0.04

5. Conclusion
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