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Abstract - In order to command and control the activity of robots, it is necessary to know the 
equations of the dynamics that govern their movement. This is what we call direct dynamics. But, in 
addition to this, we need to know the inverse dynamics, that is, to know the law of motion of all the 
independent parameters, corresponding to the degrees of freedom. This paper uses an interactive 
software developed in the Mathematica program, which is based on a symbolic calculation method 
for the direct and inverse dynamics of robot manipulators that are constituted as open kinematic 
chains using only rotation or translation joints, with a single degree of freedom. Based on this 
software, this paper presents the modeling of the direct dynamics and inverse dynamics of a SCARA 
robot with three degrees of freedom, R-R-T. 
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1. Introduction 
 
For the control of the robots it is necessary to 

know the equations of the dynamics, that is to say to 
realize the modeling of the dynamics [1]-[6]. 

 Several different methods such as Lagrange-
Euler, Newton-Euler or the generalized d’Alembert 
model can be used to model the dynamics of robot 
manipulators [7]-[9]. There are many papers on 
robot – manipulators modeling [10]-[15], especially 
kinematic [16]-[20] and dynamic modeling [21]-
[23], but most deal with the case of robots with flat 
motion, with two or three degrees of freedom. It is 
recommended to use an advanced mathematical 
program, because the calculations are very 
laborious. 

The Lagrange Euler method [24]-[26] is relatively 
simple and is suitable for symbolic calculation. when 
we write the dynamics equations, a series of 
simplifying hypotheses are made, such as neglecting 
the frictions in the gears, neglecting the dynamics of 
the control devices and we obtain systems of 
equations highly nonlinear with second order 
derivatives. These equations are deduced using the 
hypothesis of inertial loads, centrifugal forces and 
Coriolis and taking into account the effects of 
gravitational mass. The forces and inertia torques of 
each robotic arm depend on the position of its center 
of gravity. The forces and moments in the joints 
depend on the position and speed of the centers of 
mass of the robot arms. 

The main objective of this paper is to determine 
the equations of the 3D trimobil SCARA robot 
dynamics taking into account the mechanical 

characteristics (masses, inertia and actuator inertia) 
and the operational vectors. 

At the same time, the objective of the paper is to 
integration of the differential equation system, 
considering like inputs loads and actuator torques 
vector from robot joints. 

This paper uses an algorithm made in 
programming language of Mathematica software 
which allows an advanced mathematical calculation, 
both symbolic and numerically, specific to modeling 
the dynamics of body systems. 

The algorithm consists in the following steps: 
determining the Denavit-Hartenberg parameters for 
robot, design of the geometric model, design of 
kinematic model, design of dynamic model, 
dynamics simulation. It can be use for the robots 
with plan and spatial motion. 
 

2. The Lagrange-Euler Dynamic Model  
 

Using the Lagrange formalism, we obtain the 
dynamic Lagrange-Euler model: 

 

)n,...,2,1i(F
q

L

q

L

dt

d
i

pp

==



−




















           (1) 

where 

  pc EEL −=
      (2) 

and 
n – freedom degrees number of the robot;  
qi – generalized coordinates for joint i; 

iq - generalized velocity of joint i; 

Fi - generalized force for joint i. 
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If qi describes a linear movement, Fi will 
represent the necessary force to be applied to the 
translation joint i in order to have the desired 
dynamics. If qi is the angular coordinate, Fi will be the 
couple of joint i. 

The kinematic energy of the element i, ri being 
the mass position vector, is: 
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where: 

 T
0
i - is the passage-matrix from the system of 

reference attached to the i-element to the fixed- 
reference system; 
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 - is the 4x4 inertial matrix of the 

kinematic element i, having planar, centrifugal and 
static moments as components. 

Diag represents the sum of the main diagonal 
elements. 

The potential energy of the kinematic element i in 
the gravitational field with the mass centre 
determined by ri is:  
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mi  – the mass of the i element [kg]; 
g – the vector of gravitational acceleration in respect 
to the fixed-reference system; 

Taking into account the equations (2), (3) and (4), 
the Lagrange function of one manipulator-robot with  
n kinematic elements is:  

   

                                                                       (5) 
Replacing (5) in (1), results:  
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where:  
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with i=1, 2, ..., n. 

The coefficients (7), (8), (9) have the following 
meaning: 
Dii = effective inertia of joint i 
Dij = Dji – coupling inertia between joints i and j 
Dijk = Dikj – Coriolis force of joint i due to speeds of 
joint j and k 
Di – gravitational loads of joint i  
Jai – actuator i inertia 
Ji – pseudoinertia matrix 
 This inertial parameters influence the stability 

and the positional precision of the endeffector. 

3.  Algorithm - Software for Dynamic 
Modeling and Dynamic Simulation 

 
The algorithm - software for modelling, based of 

the Denavit – Hartenberg method, has 2 parts:  
1 - the algorithm - software for the dynamic model 
2 - the algorithm - software for the dynamic 
simulation  

The input data of the software for the dynamic 
model: the Denavit-Hartenberg geometric 
parameters, the coordinates of the mass centre for 
each kinematic element, the axial and centrifugal 
inertia of each kinematic element, the inertia of the 
actuators for each joint, the vector of gravitational 
acceleration. 

The output data of the software for the dynamic 
model are: the dynamics equations. 

The input data of the software for the dynamic 
simulation: the generalized forces for each degree of 
freedom, Fi; the initial conditions for positions qi(0); 
time interval for the interpolation. 

The output data of the software for the dynamic 
simulation are: the diagrams which describe the 
time-evolution of the position coordinates for the 
robot in given time interval; 
There are also two optional outputs: the evolution of 
the coordination of the robot for some interesting 
points; the visualization of the evolution for the 
coordinates qi(t) for an other time interval. 
 
The notations used in the software are: 
m[i] – the mass of the i element [kg]; 
q[i] – generalized coordinates for joint i; 
g – the vector of gravitational acceleration in respect 

to the fixed-reference system; 
F[i][t] – the generalized force of joint i.  
 

4.  Application for a 3D Trimobil SCARA 

Robot 

Using the software described in the previous 
point, we will generate the equations of dynamics 
(direct dynamics) and we will determine the motion 
relations specific to each degree of freedom (inverse 
dynamics) for the SCARA robot with 3 degrees of 
freedom R-R-T (Fig.1). 
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Fig. 1. SCARA Robot 

 
This process involves several stages: 

- realization of the structural scheme of the robot 
(Fig.2) 
- writing the Denavit-Hartenberg parameters 
(Table1) 
- calculation of the mass, mass moments of inertia 
and coordinates of the center of mass for each 
robotic element (Table2) 
- running the software for dynamic modelling (direct 
dynamics) 
- running the software for dynamic symulation 
(inverse dynamics) 

 
Fig. 2. Kinematic structure for the SCARA Robot 

 
− Writing the Denavit-Hartenberg parameters: 

 
Table 1. Denavit-Hartenberg parameters 

 i di ai i 

(O0O1) 
i=1 

q1 l0 l1 0 

 (O1O2) 
i=2 

q2 h l2 0 

(O2P) 
i=3 

0 -l3-q3 0 0 

 
− Calculation the values of the mass, the coordinates 
of the mass centre and the inertial matrix for each link 

Table 2. Other parameters 

 
Mass xc yc zc Ixx Iyy Izz 

[ kg ] [ m ] [ m ] [ m ] 
[Kg 
m2]  

[Kg 
m2]  

[Kg 
m2] 

1 137.63 0.26 0 0 1.49 17.40 26.72 

2 115.36 -0.31 0 0 1.19 13.39 13.81 

3 6.89 0 0 0.65 3.88 3.88 0.002 

 

− Running the algorithm - software for dynamic 
model:  
It obtains the following results: 
The position vector of the characteristic point P 

of robot, with respect to the system 0: 
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The velocity of the characteristic point P of robot, 
with respect to the system 0: 

 

  

 
 

 

 

 
The acceleration of the characteristic point P of 

robot, with respect to the system 0: 
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The velocity and the acceleration of endeffector, 
with respect to the system 0: 

 

 
The dynamics equations: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

− Running the algorithm - software for dynamic 

simulation in following hypothesis:  

F1[t] = 2 sin ( t) [N m],  

F2[t] = sin (t) [N m],   

F3[t] = sin (t) [N],  

where t is the time, and the initial conditions are: 

q1(0)=0 rad, q2(0)=0 rad, q3(0)=0.1m, q’1(0)=0 rad/s, 

q’2(0)=0 rad/s, q’3(0)=1m/s. 

It obtains the following diagrams (Fig.3) which 

describe the time-evolution of the position 

coordinates for the robot: 
 

 
Fig. 3. Time-evolution of the position coordinates 

 

5. Conclusions 
 

The algorithms (routines) made in programming 
languages of mathematical calculation software, such 
as Mathematica, MathCAD, MathLAB etc. has 
advantages compared to classical programming 
languages, because they allow an advanced 
mathematical calculation, both in terms of symbolic 
calculation and in terms of numerical calculation and 
is very well suited to the study of the direct 
dynamics and inverse dynamics of multibody 
systems. 
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