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Abstract - The paper deals with the development of a partial exoskeleton for lower limb
rehabilitation. It consists of two arms, corresponding to the thigh and calf of the patient, and two
joints actuated by smart servos with series elasticity. An inverse dynamic model for gait assistance
is used to prove the servos capability to provide the model required torques and a trajectory for the
knee rehabilitation exercise and the device control are modeled in 20sim environment, while
output position of the body segments is measured by tilt sensors and displayed.
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1. Introduction
The scientists Leonardo DaVinci, Galileo, Lagrange,
and Bernoulli were among the first to become
interested in applying mechanics to the study of
human mobility. Beginning in the mid-1970s, the
first attempts were made to develop a motorized aid,
while now there are more or less sophisticated
robotic means for helping the human gait [1,2] or for
recovering from a limb injury [3].
The need for assistive robotics is one of the actual
challenges of the mankind, due to the great number
of the injured people and children with paraplegia,
who must be helped for their lower limb
rehabilitation or for regular walking. In the same
time, the high costs of the sophisticated devices keep
many people away from their benefits [4].
The goal of this research is to create a medical
rehabilitation system that can be built quickly and
affordably. Although locomotion is natural and
necessary, millions of people are unable to feel it due
to genetic infirmities or accidents that have resulted
in a reduction or even loss of movement capability.
These patients require either rehabilitation or
permanent aid in the form of orthoses or prostheses,
which are forms that may be added to the human
body. Rehabilitation is required since these patients
are unable to move their lower limbs (legs) because
they lack muscle activity due to either severed
nerves, a stroke, or different kinds of sclerosis.

2. System Structure
The main component of the structure shown in the
figure 1 is the exoskeleton mechanism, which
consists of two active joints and the levers
connecting them.
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Figure 1: Mechanical structure of the rehabilitation
system
It is to be noticed that the system has a simple
and cheap structure (figure 2), consisting of an
exoskeleton which provides mobility of the patient
thigh and calf. For this purpose, the hip and knee
joints are driven by two Dynamixel smart servos. A
control unit, developed on an Arduino Uno board
and two MPU 6050 tilt sensors, for feedback, are
used for automatic control.

Figure 2: General architecture of the rehabilitation
device
The device can be fastened to the patient body by
means of wide Velcro straps, so the hip joint will be
fixed on the body, while the bars that connect the hip
and knee joints are attached to the thigh, and the
ones between the knee joint and the foot support are
attached to the calf. It is dimensioned for use of an
eight year child, but it can be enlarged for bigger
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height and weight, because the actuators from
Dynamixel series can provide a large range of
torques.
Both hip and knee actuators are of series elastic
type, consisting of a smart servo, a helical torsion
spring and a worm gear (figure 3).

For a mechanism with two active joints, the input
of the torque controller, provided by the impedance
one is expressed by:
(1)
where
(

Figure 3: Series elastic actuator

3. System Control
As it was presented in the previous section, the
rehabilitation system is a partial exoskeleton, which
help the muscles of the thigh and calf to move these
body segments. This action can be done both for an
assisted gait by crutches and for specific exercises
for neuro-muscular rehabilitation. In the first case,
both joints have to be simultaneously controlled,
according to a known trajectory, while for the
rehabilitation exercises it is possible to work
sequentially. As concerns the control input, when a
simultaneously trajectory has to be obtained, the
strongly non-linear inverse dynamic model of the
exoskeleton is used, in order to determine the
necessary torque of each joint.
The diagram in figure 4 shows a triple loop
control of one joint. Because series elastic actuators
drive each joint, the external loop is an impedance
control one, proposed by Hogan [5], which is based
on the simple second order dynamic system.

are column vectors
), while

are

square matrices. The indexes L and d stand for load
and desired, respectively, and k is the actuator
spring stiffness, while the feedforward torque,
is
meant to compensate the effects of the inverse
dynamics (gravity torques and inertia ones).
The first inner loop is a torque one, which
controls the desired input of the velocity loop,
materialized by the smart servo XL430-W250T. This
one also contributes to the force loop control, by
measurement of the output shaft position, which is
used for calculation of the velocity feedback. As the
system has also a position feedback, provided by the
inertial sensors mounted on the exoskeleton, the
actual load position and torque can be estimated and
compared with the desired values. The position and
torque controllers are implemented into the Arduino
board, which also stores the points of each joint
trajectory (file inputs).
If the performance graph of the Dynamixel smart
servo XL430-W250T [6] is used, its closed loop from
figure 4 can be replaced by the mechanical
characteristics of the servo, which relates the
angular velocity with the torque provided:

(2)
when

Figure 4: Architecture of the closed loop control of a rehabilitation system joint in 20-sim
The rehabilitation mechanism, including the
thigh and calf inertia and weight of the patient,
which is represented by the nonlinear variable

inertia J() and the gravity torques, T() is driven by
a worm gear with a ratio of 20, which strongly
diminish the absolute values of these terms
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variations, in relation with the motor potential. By
analyzing the diagram in the figure 4, the following
relationship can be derived:
(3)
If the PD torque controller gain is chosen as
,
i.e. the elastic series actuator spring stiffness, and the
expression
is adopted, the
equation (3) becomes:
(4)

4. Inverse Dynamic Model
As the mass of the exoskeleton parts is small when
compared to the body segments one, only inertia and
gravitational forces of the body are taken into
consideration in the dynamic model. Moreover, the
device should be able to put in motion the body
without the patient muscles contribution, and the
joint torques are calculated in these circumstances.

Figure 6: Geometrical model of the supporting leg at
15% of the gait cycle
For the Lagrange equations associated to the geometrical model from the figure 6, the kinetic energy
of the kinematic chain is expressed as:
(5)
where: JHt – thigh inertia with respect to the joint H;
JKc – calf inertia with respect to the joint K; mt – thigh
mass; mc – calf mass, and the potential energy is:

(6)
The Lagrangean is defined as
equations are:

and the

(7)
where: qi – generalized coordinate; Fqi – generalized
force; in the actual case, the coordinates are
and

and the generalized forces are the

torques in the joints H and K, respectively. As the
solving of the inverse dynamic model consist of the
joint torques calculation, a time variation of the
coordinates
and
should be known. For this
Figure 5: Position of the gravity centers of the
different body parts [7]
The data from figure 5 served for the calculation of
the mass moment of inertia of the thigh and calf, by
approximation of these body segments with a cone
frustrum, when their statistical mass value is known,
for certain height and age of the person.
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purpose, the walk of a person with crutches, on a
treadmill was recorded with a Canon 750D camera
(1080p/30Fps). In order to determine the angular
positions of the thigh and calf, the video recorded by
the camera was split into frames, by use of Free
Video to Jpg Converter. For an entire step, 78
successive frames were selected and, by taking into
consideration the acquisition rate of 30 frames/s, the
duration of accomplishing one step is 2.6 s.
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For the joints control, these ones will be the desired
load torque,
to be used in the equation (3). The
simulation for each joint position step was simplified
by replacing the smart servo from figure 4, with the
equation (2), because the angular velocities are
small. The new block diagram is presented in the
figure 8.

Figure 7: Gait phases when crutches are used

Figure 8: Block diagram of the joint position change

For finding the angular positions, the images
(frames) captured at each 0.1s were processed by
help of iPhoto Plus program. In the figure 7, there are
presented the positions at 0, 0.5, 1, 1.5, 2 and 2.6s.
An improvement of the angular values, by taking into
consideration the variation tendency, given by the
neighboring points, was obtained by Lagrange
polynomial interpolation with Neville’s method [8].
For each angular position, the velocity and
acceleration were numerically calculated:
(8)
(9)

where: i=1.2 and k=0.1…26.
The first derivative of the angular positions was
calculated with the formula in 5 points, which have
an error
and for the second
derivative was used a formula with an error
For the calculation of the necessary
torque provided by the joint actuators, at each time
instants, the equations (5 - 9) are used. With two
exceptions for
and one for
, the velocity
values are less than one, and the result of their
squaring or product practically vanishes. So, the
necessary actuator torques can be expressed as:

(10)

(11)
where
and
are the required torques of the
actuators from hip and knee joint, respectively.

This block diagram has two input quantities,
which are a position reference and a torque one. As
the time variation of the two quantities were
determined from the mentioned experiment, by their
values at equally spaced time instants, a cubic spline
function was built for each one and stored into the
blocks fileinput and fileinput1. Both reference
position and compensation torque extend, in time,
their action with step and step1 blocks, which start
after
, when the cubic spline inputs are
ended. This is a caution for a slower response of the
system. In practice, the two blocks will be a
reference value sequence, generated by the
microcontroller, for each quantity. The desired
velocity,
results from the PI controller transfer
function, with a torque input, resulted from
processed load torque and the compensated one.
The velocity was chosen as control quantity of the
smart servo, as it was concluded in [9] and
confirmed in [10]. The relationship (2), between the
smart servo velocity and torque, was used to
determine the torque provided by the smart servo,
ignoring the internal control loop of this one. This
one is implemented by the blocks Gain2, Step2 and
PlusMinus. Step3 introduces the joint load torque,
transferred to the actuator shaft according to the
results obtained from equations (10 and (11). The
Attenuation blocks are used to calculate the worm
angular position and for coming back to the joint one
(Attenuation1).
The biggest position variation was identified at
hip joint, between the time instants 0.5 and 0.6s,
with a 14(0.244 rad) jump, from 8 to 22, while the
hip torque varies from -0.07 Nm to 0.562 Nm, at the
actuator shaft.
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The simulation result is shown in the figure 9.

contribution of the ankle for raising the entire leg as
well as the hip joint.

5. Test on a Physiotherapeutic Exercise
A simple, but demanding exercise was chosen for
testing the rehabilitation device, in the case of the
knee recovery. It is presented in the figure 11.

Figure 9: Closed loop system response of the hip joint
when has to jump from 8 to 22
It can be noticed that the system can reach the
desired position in about 0.25-0.3 s, but the model
does not include the internal dynamic friction of the
actuator and its inertia, considering only the static
characteristic, provided by the producer, as well as
the approximate variation of the load torque. Even
the entire actuation is considered to be achieved by
the smart servo, without any contribution of the
patient, for safety reasons, the duration of the
maximum jump has to be extended to 0.4s. This time
interval will be used for all the other points of the
gait graph, in order to control the rehabilitation
device. It results that the entire gait cycle will be
carried out in about 10 s, which is acceptable for an
injured person.
The time dependence of the thigh and calf angles
can also be used to calculate the hip position during
a gait cycle (with crutches). This is described by the
equation:
(12)
As the thigh and calf (with the foot substitute)
lengths are
, the
calculation result of the equation (12), at different time
moments, is presented in the figure 8.

Figure 11: Exercise for knee rehabilitation
The images suggest the movement of a crank
slider mechanism, which can be obtained if the
exoskeleton is attached to the leg needing help. The
schematic of the mechanism is shown in the figure
12, where the joints O and O1 are the hip and knee,
respectively. The point S signifies the contact
between the heel and the ground, being constrained
to slide on the last.
In the figure 12, there are denoted: lt – thigh
length; lleg – calf and foot length; (up to the heel); lGt
– position of the thigh gravity center; lGc – position of
the calf gravity center; Gt – gravity load of the thigh;
Gc – gravity load of the calf; TH -motor torque of the
hip joint actuator; TK - motor torque of the knee
joint actuator;  - crank/thigh angular position;  connecting rod/leg angular position; mt – thigh
mass; mc – calf mass; mf – foot mass; e - eccentricity
of the ground direction with respect to the x axis.

Figure 10: Hip position during a gait cycle
As it can be seen in the figure10, there is a minimum
and a maximum value of , which are found to be
from equation (12), 613 mm and 663 mm, leading to
a relative variation of 8.9 %. Actually, this one is
lower for a healthy leg, because there is a
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Figure 12: Schematic of the crank slider mechanism
There were considered only the body parts
masses, because the exoskeleton ones are negligible,
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when compared to the body parts. A projection of
the segment
on the y axis leads to:

(17)

(13)

The sliding velocity of the heel is derived from
the position of the point S, on the x axis:

(14)

(18)

Hence:

The equation (14) shows that there is a
maximum limit of the angle ;

Linear velocity of the point S is:

(15)

(19)

(16)

If no power disspation is assumed for the joints,
the torque developed by the friction force from point
S, at the joint O is derived from the power
conservation:

The position of the leg is:

(20)

with a maximum:
Looking at the figure 12, the actual maximum
angular thigh position is
, to
which
corresponds
.
When
If the derivative of
the equation (13) is performed, a relationship
between the angular velocities of the thigh and leg is
obtained:

Hence:
For describing the dynamics of the crank slider
mechanism, the inertias of its components have to be
reduced to the hip joint, by the equivalence of the
sum of their kinetic energy with the one of a
equivalent rotating element, as follows:
(21)

The equation (21) gives the inertia of the
equivalent element:
(21*)
where:
– moment of inertia of the motor rotor,
servo gear and worm gear; – thigh inertia;
mass of the servo and worm gear; – calf inertia;
– calf mass;
– linear velocity of the calf gravity
center;
– foot mass.
The velocity of the calf mass center is obtained
from the coordinates of the point Gc:
(22)
and
(23)
The linear velocity of Gc is:

(24)

By assuming that no torque is provided by the
actuator from the joint , there are two phases of
the movement during the exercise performing: 1)
raising of the thigh from
2)
descent
of
the
thigh
from
The motion equation is,
for the first phase (raising):

(25)
And for the second phase (descent):
(26)
The equations (8), (9), (11), (12), (13*), (16), and
(17) are used to calculate the necessary torque of the
hip actuator, if a velocity control is chosen for it,
during the raising of the thigh from 0 to 40. The
numerical algorithm was developed as a block
diagram model (figure 13), built into the 20sim
environment. This model is pronouncedly non-linear
and the velocity control can be successful only if the
associated required torque can be provided by the
smart servo.
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Figure 13: Block diagram of the system dynamics for a trapezoidal velocity profile
The trapezoidal velocity profile can be obtained
from the acceleration input as two pulses of the
same duration and opposite signs, as it is shown in
the figure 14.
If a 40 (0.7 rad) angular displacement of the
thigh is considered to be achieved in 10s, and the
acceleration/deceleration time is
,
the regime angular velocity is
the

and

acceleration/deceleration

is

In the figure 13, the blocks which introduce the
parameters used in the model equations are gains,
constants and attenuates, as follows:

Figure 14: Velocity and acceleration profile of the
model in figure 7

Gain= lt = 0.343 m; Constant = e = 0.08 m; Attenuate
=1/lleg=2.747 m-1; Constant1 = 1; Gain1= lt = 0.343 m;
Gain2 = 2ltlGc = 0.095m; Gain3 = lleg = 0.364m;
Constant2
=
=0.118m2;
Constant3
=
Gain4= =0.019
m2; Gain6 =
Gain8
=
mf
=0.38
kg;
Gain9
=

Gain11= Ff = 0.25 N.
With these values, the time variation of the hip
joint torque is obtained from the run of the block
diagram in figure 13 and is shown in the figure 15.
The maximum necessary torque at the hip joint is
9.85 Nm divided by r=14 (worm gear), which
corresponds to 0.7 Nm to be provided by the smart
servo XL430-W250T. Recalling the equation (2), the
maximum angular velocity allowed for the torque
equal to 0.7 Nm is:
(2*)
The result of (2*) shows the capacity of the smart
servo to move the leg for performing the proposed
exercise, even no muscle of the patient helps the
motion. The inertia of the mechanism was neglected,
but it is very small compared to the body parts.
Additionally, the joint O1 was considered not active,
even it could compensate the inertia and gravity
torque of the calf.

Figure 15: Simulation output of the block diagram in the figure 13
132
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The control program for this exercise consists of
the velocity control of both smart servos with
trapezoidal profile and the result is recorded as a
video, in which, an artificial leg, connected to the
orthosis is moved like in the figure 16, in order to
perform the exercise from the figure 11.

The device is able to help the gait of the injured
people, not only for the children, but also for the
adults, if the concept is kept, but the actuators and
mechanical structure are adapted to the adequate
loads. This is possible due to availability of smart
servos with large torques.
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