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Abstract - In this article, mathematical models of the High-Speed Steel (HSS) cutting tool flank wear 
in various external metal cutting environments are developed. Initially, the metal machining 
operation is conducted in a lathe by machining a cylindrical blank of Stal 45 (analog is AISI 1045) 
with a turning tool made of P6M5 (analog is AISI M2). The machining process is conducted in three 
external cutting environments: dry cutting and two different cutting fluid environments. According 
to tool flank wear results from the experimental research in cutting conditions, three novel 
mathematical models of the tool flank wear have been developed using the Lagrange polynomial. 
The models express the flank wear of the HSS cutting tool depending on the cutting speed changes 
in three various external cutting environments. Developed models were tested using engineering 
programs, and tool wear indications depending on the cutting speed acquired from the novel 
models were compared to the original results achieved by the experimental research. 
Consentaneity of the results taken using the models to the experimental research data was about 
93 %, 86%, and 93% for the three models respectively. 
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1. Introduction 
 
Currently, metal machining is one of the essential 
industries in many countries that are under 
development, despite its smaller scale in comparison 

to the customer industries it serves, metal cutting 
plays a significant role in sectors such as vehicles, 

railroads, jet building, home appliance, consumer 
electronics, and construction [1]. These industries 
encompass substantial machine shops with a 

workforce in the thousands dedicated to machining. 
An estimation suggests that machining operations 

contribute approximately fifteen percent of the total 
amount of globally manufactured mechanical parts 
[2]. 

A comprehensive understanding of the material 
removal process in metal machining [3] is crucial for 
the selection of cutting instrument materials, design 
considerations, and ensuring persistent dimensional 
precision and surface finish of the final part. Friction 
in metal machining significantly impacts cutting 
power, machining quality, tool lifespan, and 
machining costs [4-6]. As tool wear progresses to a 
certain threshold, increased cutting force [7], 
vibration, and cutting temperature compromise 

surface integrity and dimensional errors beyond 
acceptable tolerances. 

In the current paradigm of machining 
methodologies [8, 9], the efficiency and cost-
effectiveness of manufacturing operations are 
significantly influenced by the performance and 
durability of cutting tools. In turning applications 
utilizing high-speed steel (HSS) [10], the occurrence 
of flank wear on cutting tools [11, 12] emerges as a 
crucial factor influencing tool lifespan and, 
consequently, machining productivity. Flank wear, 
marked by the gradual depletion of material along 
the tool’s flank due to abrasive interactions with the 
workpiece, poses a multifaceted challenge in various 
external cutting settings. This study aims to explore 
the intricate dynamics of flank wear progression in 
high-speed steel (HSS) turning tools, focusing 
specifically on a range of external cutting conditions. 
The primary goal is to acquire a thorough 
comprehension of the quantitative facets of flank 
wear development to improve predictive 
maintenance approaches and optimize machining 
procedures. The mathematical modelling approach 
utilized in this investigation functions as a robust 
analytical framework, providing a systematic and 
quantitative examination of the complex 
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interrelationships among cutting parameters, tool 
wear, and external cutting environments [13]. 
Through the utilization of mathematical models, our 
goal is to establish predictive tools with the 
capability to forecast the progression of flank wear 
under diverse conditions. 

We anticipate that the results of this study will 
provide insights into the intricate connection 
between external cutting environments and the 
quantitative progression of flank wear in high-speed 
steel (HSS) turning tools. The suggested 
mathematical modelling approach has the potential 
to guide machining practices [14], enabling the 
formulation of strategies to extend tool life, improve 
operational efficiency, and contribute to the 
advancement of precision manufacturing processes. 
High-speed steel (HSS) turning applications, and the 
complex interaction between cutting tools and 
external cutting environments significantly shape 
the occurrence of flank wear a crucial indicator of 
tool deterioration and machining efficiency [15, 16]. 
The objective is not only to clarify the fundamental 
mechanisms governing flank wear but also to offer 
practical insights for industrial practitioners aiming 
to optimize machining processes [17]. The suggested 
mathematical modelling approach in this context 
holds the potential to equip manufacturers with 
predictive tools, promoting extended tool life. 

 
• Tool flank wear 

In the machining process, the contact areas on 
the front and back surfaces of the cutter are worn as 
because of the interaction of the chip and cutting 
surfaces with the working edge of the cutter. The 
wear of these areas is continuous. This process 
happens from beginning to end of the cutting 
process and in practically all operating conditions. 
Therefore, in addition to the sufficient strength of 
the tool cutting-edge, it should be resistant to high 
wear. All cutting tools, regardless of the type and 
function, wear more on the back surface (flank 
wear). In some cases, in rough machining, under 
conditions of stable chip formation, the chip 
prevents the back surface from contacting and 
wearing away at the cutting surface [18]. 

In the orthogonal cutting process shown in Figure 
1, a wearing field is formed on the back surface of 
the cutter, and VB determines the width of the tool 
wear. Usually, the maximum width of the wear is on 
the side of the nose of the cutter. 

 
Figure 1: View of cutting tool flank wear 

There are diverse of tool wear types during the 
process of metal cutting. The flank wear of the cutter 
has the greatest impact on the surface finish and 
accuracy of the machined surface. The heat 
generated in the cutting area has a positive effect on 
the flank wear of the cutter. 

The nature of tool wear is mainly determined by 
the type of material being processed, the cutting 
depth, and the cutting speed. When cutting brittle 
materials (cast iron, silicon, etc.), the cutting tool 
flank wear is mainly observed. Feed rate S and 
cutting speed V have approximately the same effect 
on cutting tool wear. Changing the rake angle and 
using lubricating cooling technological environments 
(LCTE) serves to reduce tool flank wear. 

 

2. Methods 
 

• Cutting environment 
Three cutting environments have been chosen to 

conduct the experiments such as dry cutting 
environment and two lubricating cooling 
environments. For creating an LCTE in turning 
operation in the experiment, contemporary LCTE 
that are widely used in a lot of workshops in 
Uzbekistan were used. Sample 1 cutting fluid is a five 
percent solution of LACTUCA LT 3000 in water. 
Sample 2 cutting fluid is a two percent concentration 
of K2Cr2O7 (potassium dichromate) powder in water. 
Table 1 lists the special properties of the cutting 
fluids selected for the experiment. 

 
Table 1. Special parameters of cutting fluids used in 

the experiments 
TOTAL LACUCA LT 3000 

(Spesification - ISO 6743/7) 

 Unit Value 

Density (T = 150C) kg/m3 890 

Kinematic Viscosity (T = 400C) mm2/s 34 

Dynamic Viscosity (T = 300C) 
* 106 

Pa*s 
461 

pH (5 % of solution) - 8.8 

K2Cr2O7 (2% concentration in water) 

Density (T = 150C) kg/m3 1008 

Kinematic Viscosity (T = 400C) mm2/s 3.7 

Dynamic Viscosity (T = 400C) 
* 106 

Pa*s 
427 

pH (2 % concentration) - 7 

 
The same laboratory conditions were chosen to 

conduct the experimental research to provide the 
reliability of results. Experimental studies were 
carried out in the laboratory of Tashkent State 
Technical University, Department of Mechanical 
Engineering Technology. At the time of the research, 
the atmospheric pressure was 755 mmHg and the air 
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humidity was 16 percent. The metal cutting 
operation was done by machining a cylindrical 
workpiece with a diameter of D=160 mm on a semi-
automatic lathe that the model was 1M63MF101. As 
a workpiece, a cylinder with a diameter of D=160mm 
was selected, the material of which is Stal 45 [AISI 
1045] according to GOST 1050-88. The geometrical 
parameters of the turning tool made of P6M5 [AISI 
M2] HSS material, whose flank wear is being studied, 
are given in the following Table 2 and Figure 2. 

 
Table 2. Geometrical parameters of the HSS turning 

cutter 

Tool geometric parameters 

Clearance angle – α = α1 60-80 

Rake angle - γ 00 

Principal approach angle - φ 450 

Auxiliary approach angle – φ1 450 

Approach angle 900 

 

 
Figure 2: Geometry of the HSS cutting tool used in the 

experiments  
 
The machining process was first performed by 

cutting the heavy shaft in a dry condition at four 
various cutting speeds (25, 40, 50, 60 [m/min]). The 
cylindrical workpiece was mechanically processed 
with selected four different cutting speeds in the 
environment of two different lubricating cooling 
fluids (Sample 1 and Sample 2) in the second and 
third cases. Metal cutting operation in the lathe was 
conducted selecting the cutting modes as f = 0.45 
rev/mm (feed), and t = 1 mm (cutting depth). 
Selected modes were kept constant during all 
experiments, cutting speed was changed by 
alternating different spindle speeds. 

 

3. Results and Discussion 
 

Metal cutting process in three external cutting 
environments is conducted using above mentioned 
experimental equipment and the laboratory 
condition. In the machining process of the selected 
workpiece that was conducted in three external 
cutting environments, the flank wear of the HSS 
turning tool was controlled regularly. Figure 3 shows 
the results of the HSS tool flank wear determined in 
the experimental research. 

 
Figure 3: Experimental results of the cutter flank wear 

obtained through the three external cutting 
environments in the metal cutting process (turning) 

 
Indications achieved through the experimental 

research show that tool flank wear increases 
proportionally with the cutting speed. Moreover, the 
flank wear of the HSS turning tool depends on the 
external cutting environments. As can be seen from 
Figure 3, tool flank wear was much higher in the dry-
cutting. However, the indications of tool wear 
decreased when lubricating-cooling environments 
were created in the cutting zone. It is also clear that 
the influence of LCTE type on the tool flank wear was 
diverse, and the environment of cutting fluid sample 
2 showed better wear resistance than the previous 
two environments. 

 
• Mathematical modelling 

Analyzing the results of the selected HSS tool 
flank wear measured in the experimental research 
(figure 3), only four tool wear indications were 
defined along the studied cutting speed gradient in 
three cutting environments. Sometimes, those points 
are not enough to study the tool-wearing process, 
and research on the means of increasing its 
resistance to wear. However, the mathematical 
expression of the tool flank wear according to the 
experimental results enables the identification of 
various tool wear marks in the desired cutting speed 
in the selected cutting conditions.   Mathematical 
models of the HSS tool flank wear depending on 
cutting speed gradient were developed using the 
Lagrange Interpolating Polynomial. 

 
Ln (x) = a0+a1x+a2x2+…+anxn                            (1) 

 
In the condition of tool wear modelling, Ln is the 

flank wear (VB) of the cutter and x is the cutting 
velocity (V) which is in the gradient from 0 to 60 
mm/s. Using the results given in Figure 3, a system 
of equations with 4 unknowns was developed for 
three experimented cutting environments as follows, 

 

 + + + =


+ + + =


+ + + =


+ + + =

4 3 2
1 1 1 2 1 1 1 1 1

4 3 2
2 1 2 2 2 1 2 4 2

4 3 2
3 1 3 2 3 1 3 4 3

4 3 2
4 1 4 2 4 1 4 4 4

B

B

B

B

v x v x v x v x V

v x v x v x v x V

v x v x v x v x V

v x v x v x v x V

                           (2) 
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Where, v1, v2, …v3 – Cutting speed in the experiment, 
VB1, VB2, …VB4 – Experimented tool flank wear results. 
To solve the system of equations, Cramer's method 
for solving systems of equations was used for all 
three conditions. After finding the unknowns from 
the system of equations, the mathematical model of 
the HSS tool flank wear depending on cutting speed 
in three experimented external cutting conditions 
took the following view, 

 
VBn (v) = x0+x1v+x2v2+…+xnvn                              (3) 

 
Considering that the external conditions in the 
machining process were various in the experiments 
three diverse models of the tool flank wear have to 
be developed. 

 
• Modelling a tool wear in a dry cutting 

environment 
 

Initially, a mathematical model of the dependence of 
flank wear of the HSS cutter depending on cutting 
speed at the time of the dry cutting process was 
developed. To do this, the four different cutting 
speeds selected for the experiment were taken as 
arbitrary variables and created a function that 
reflects the flank wear of the cutter. To do this, we 
created a Lagrange interpolation polynomial. That is, 
the problem is brought into the form of a system of 
algebraic equations, and by determining the 
unknown coefficients, it will be possible to express 
the tool flank wear function in polynomial form. 
Based on the results of the experimental research of 
the HSS tool flank wear when cutting metal 
workpiece at four different cutting speeds in a dry 
environment, we can determine 4 points of the tool 
wear, i.e. A1(25, 0.65), A2(40, 1.7), A3(50, 2.05), 
A4(60, 2.65) (Figure 3). Utilizing the specified points, 
the complex linear equations system was developed 
as follows, 

 

 + + + =


+ + + =


+ + + =


+ + + =

4 3 2
1 2 3 4

4 3 2
1 2 3 4

4 3 2
1 2 3 4

4 3 2
1 2 3 4

25 25 25 25 0.65

40 40 40 40 1.7

50 50 50 50 2.05

60 60 60 60 2.65

x x x x

x x x x

x x x x

x x x x

                        (4) 

 
To solve the system of equations (4), it was first 
converted into a matrix form and the unknowns 
were calculated using the Cramer’s method of 
solving a system of complex linear equations. Firstly, 
the determinant ∆ of the matrix formed using the 
system of equations is determined as follows, 
 

 = =  10

390625 15625 625 25

2560000 64000 1600 40
7875 10

625000 125000 2500 50

12960000 216000 3600 60

,     (5) 

 

Solving the matrix (5), the following values of the 
unknowns were determined, 

 

−
= = = 
 

61
1 4

11
2.09 10

525 10
x  

 

−
= = = − 
 

42
2 5

611
2.9 10

21 10
x  

 

−
= = = 
 

33
3 4

5567
13.25 10

42 10
x  

 


= = = −
 

4
4 3

6563
0.16

42 10
x  

 

After solving the linear equation system (4) and 
identifying the unknowns, the function (Model 1) 
expressing the dependence of tool flank wear on the 
cutting speed when cutting the workpiece made of 
Stal 45 with a HSS (P6M5) cutting tool in a dry 
cutting environment has the following form, 

 
Vb=(2.09·10-6)v4-(2.9·10-4)v3+(13.25·10-3)v2-0.16v,   (6) 
 
Developed mathematical model 1 of the HSS tool 
flank wear investigated using the engineering 
program Maple2017. The results of the tool flank 
wear were calculated by the program using the 
selected cutting speeds for the experimental 
research as variables (table 3). Following this, the 
obtained results through model 1 and experimental 
research are compared to define the developed tool 
wear function’s accuracy. 

 
Table 3. HSS tool flank wear indications obtained from 

the experiment and calculated using developed 
mathematical model 1, and their consentaneity in dry 

cutting environment 

 

Cutting speed, V [mm/s] 

25  40  50  60  

HSS tool flank wear, VB 
[mm] 

Data taken from 
the experiment 

0.65 1.7 2.05 2.65 

Data taken from 
the math model 

0.57 1.59 1.93 2.54 

Consentaneity of 
math model with 
experimental data 

88% 94% 94% 96% 

According to the obtained results through the 
experimental research and developed model, 
consentaneity of the mathematical model of the HSS 
tool wear to the experimental results was an average 
of 93 percent.  
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Moreover, Figure 4 gives information about the 

comparison of the generated line graph of the tool 

flank wear through Maple 2017 using the developed 

function and experimental research results. 

 

 
Figure 4: Comparison of the tool flank wear line graph generated through the novel model 1 with the experimental 

results  
 

• Modelling a tool wear in a cutting fluid 
environment (sample 1) 

 
Subsequently, a mathematical model of the 

dependence of the HSS tool flank wear (Model 2) on 
cutting speed in machining cylindrical part in the 
lathe has been developed. In the second process, 
sample 1 was used to create a cutting fluid 
environment. Using the results of the experimental 
research in the turning operation (Figure 3), four 
determined points of the tool flank wear, i.e. A1(25, 
0.45), A2(40, 0.85), A3(50, 1.80), A4(60, 2.4) was 
taken to establish the following linear equation 
system, 

 

 + + + =


+ + + =


+ + + =


+ + + =

4 3 2
1 2 3 4

4 3 2
1 2 3 4

4 3 2
1 2 3 4

4 3 2
1 2 3 4

25 25 25 25 0.45

40 40 40 40 0.85

50 50 50 50 1.80

60 60 60 60 2.4

x x x x

x x x x

x x x x

x x x x

                 (7) 

 
In order to solve the linear equations system (7) by 
Cramer's method, the four-column matrix was 
created from the terms given in the equation system 
and find its determinant (8). 

 

 = =  10

390625 15625 625 25

2560000 64000 1600 40
7875 10

625000 125000 2500 50

12960000 216000 3600 60

,   (8) 

 
The unknowns from the system of equations (8) 

were calculated, and the following values of the 

unknowns were calculated, 

 

−
= = = − 
 

61
1 7

1199
2.84 10

42 10
x  

 

−
= = = 
 

42
2 5

6361
3.78 10

168 10
x  

 

−
= = = − 
 

33
3 5

127577
15.19 10

84 10
x  

 


= = =


4
4

691
0.21

3360
x  

 
Using the defined values, a function (Model 2) of the 

dependence of the HSS tool flank wear on cutting 

speed in the mechanical processing of cylindrical 

workpiece in a cutting fluid environment (sample 1) 

was developed as following, 

 
 Vb=(-2.84·10-6)v4+(3.78·10-4)v3-(15.19·10-3)v2 
    +0.21v,                  (9) 

 
While testing the developed mathematical model 2 

(9) in Maple2017, the taken results through the 

novel model and experimental research are 

compared (table 4). 

 
Table 4. Data obtained from the experiment and 

defined using developed mathematical model 2, and 
their consentaneity in cutting fluid (Sample 1) 

environment 
 Cutting speed, V [mm/s] 
 25  40  50  60  
 HSS tool flank wear, VB 

[mm] 
Data taken from the 
experiment 

0.45 0.85 1.8 2.4 

Data taken from Math 
Model 2 

0.55 1.01 2.02 2.75 

Consentaneity of 
math model 2 with 
experimental data 

82% 84% 89% 87% 
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The results given in Table 4 and Figure 5 show 
that the consentaneity of the mathematical model of 
the HSS tool wear to the experimental results was an 
average of 86 percent.  

Moreover, a line graph of the tool flank wear (in 
Sample 1 cutting fluid environment) taken through 
Maple2017 using the developed Model 2 was also 
generated. 

 

 

Figure 5: Comparison of the tool flank wear line graph generated (Maple2017) through the novel model 2 with the 
experimental results  

 
• Modelling a tool wear in a cutting fluid 

environment (sample 2) 
 
In the last experiment, Sample 2 was used to 

make a cutting fluid environment, and the machining 
process is conducted using selected cutting modes. 
Results defined in the last experiment i.e. A1(25, 0.1), 
A2(40, 0.45), A3(50, 1.25), A4(60, 2.45) were used to 
develop a following linear equation system, 

 

 + + + =


+ + + =


+ + + =


+ + + =

4 3 2
1 2 3 4

4 3 2
1 2 3 4

4 3 2
1 2 3 4

4 3 2
1 2 3 4

25 25 25 25 0.1

40 40 40 40 0.45

50 50 50 50 1.25

60 60 60 60 2.45

x x x x

x x x x

x x x x

x x x x

              (10) 

 
To solve the system of equations (10), the following 
matrix was developed, 

 

 = =  10

390625 15625 625 25

2560000 64000 1600 40
7875 10

625000 125000 2500 50

12960000 216000 3600 60

, (11) 

 
Solving the matrix (11), the following values of the 
unknowns were determined, 

 

−
= = = − 
 

71
1 7

101
7.21 10

14 10
x  

 

−
= = = 
 

42
2 5

1993
1.18 10

168 10
x  

 

−
= = = − 
 

33
3 5

13723
4.90 10

28 10
x  

 


= = =


4
4

5327
0.064

84000
x  

Based on the solution of the linear system of 
equations (10), the function (Model 3) representing 
the dependence of the tool flank wear on cutting 
speed when cutting metals in the cutting fluid 
environment (Sample 2) takes the following form, 

 
Vb=(-7.21·10-7)v4+(1.18·10-4)v3-(4.90·10-3)v2 

   +0.0.64v,              (12) 
 
Values of the HSS tool wear results in the cutting 
fluid environment (Sample 2) were calculated using 
the developed mathematical model 3 and compared 
with the results indicated in the experimental 
research (table 5). 

 
Table 5. Data obtained from the experiment and 

defined using developed mathematical model 3, and 
their consentaneity in cutting fluid (Sample 2) 

environment 
 Cutting speed, V [mm/s] 
 25  40  50  60  
 HSS tool flank wear, VB 

[mm] 
Data taken from 
the experiment 

0.1 0.45 1.25 2.45 

Data taken from 
Math Model 3 

0.09 0.42 1.19 2.34 

Consentaneity of 
math model 3 with 
experimental data 

90% 93% 95% 95% 

 
Linear graph of the HSS tool flank wear (in 

Sample 2 cutting fluid environment) related to 
cutting speed was generated using the developed 
model 3 in Maple2017 and when its consentaneity 
was checked the result was 93 percent (Figure 6 and 
Table 5). 
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Figure 6: Comparison of the tool flank wear line graph generated (Maple2017) through the novel model 3 with the 

experimental results  
 

It noticeable the the value of the coefficient in 
front of the highest level of the variable in the 
polynomials that the polynomials (functions) created 
with our limitation allow us to obtain information 
with an accuracy of 10-3...10-4. Also, these models (6), 
(9), and (12) allow us to determine the next results 
of the HSS tool flank wear without conducting 
experiments, based on the results of the conducted 
experiments. However, considering the cutting speed 
gradient from 0 to 60 mm/s, developed models are 
reliable when the selected experimental conditions 
are used in the machining process. 
 

4. Conclusions 
 
Current research investigates the flank wear of the 
HSS turning cutter (P6M5) in three various external 
machining environments including the dry cutting 
process. Within the research, mathematical 
expressions of the HSS tool flank wear in machining 
Stal 45 [AISI 1045] in a lathe have been developed. 
Prior to the advancement of the mathematical 
approach experimental research on the HSS cutter 
flank wear in the metal machining operation was 
conducted in a turning machine tool. All of the 
indications of the tool flank wear in the experimental 
conditions are measured and the novel mathematical 
models of the tool wear were developed using the 
results of the experimental research. The following 
outcomes can be drawn according to the achieved 
results: 

Flank wear of the studied cutters increases with 
the increase of the cutting speed in all external 
cutting environments in the experiment. 

Three mathematical models of the flank wear of 
the researched cutters are developed by using the 
Lagrange polynomial equation. The models express 
the tool flank wear depending on the cutting speed 
in three external cutting environments while other 
cutting parameters are constant (feed, cutting depth, 
etc.). 

The congruences of the novel models are 93, 86, 
and 93 percent of the original experimental 

indications, respectively. This gives a possibility of 
defining studied tool flank wear in any cutting speed 
gradient from 0 to 60 mm/min by using developed 
without experiment. 
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