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Abstract - The contact interaction of complex-profile elements of machine-building structures is in 
many cases a factor that determines the performance, durability, load capacity and other 
characteristics of the product as a whole. The paper describes a variational formulation of the 
problem of contact interaction of bodies. The purpose of the work is to improve the variational 
formulation of the problem of the contact interaction of elastic-plastic bodies under perturbances in 
the shape of nominally matching contact surfaces and the properties of the surface layers of the 
material. The contact of bodies along congruent surfaces is studied. In addition, the modification of 
these surfaces is considered. The problem is reduced to a variational inequality. The roughness of 
the surface layers of contacting bodies is taken into account. Plastic deformations of these bodies’ 
materials are also taken into account. It was established that the distribution of contact pressure is 
significantly uneven. It was also found that by modifying the geometric shape of the contacting 
surfaces, it is possible to achieve a reduction in the level of contact pressure. In addition, a similar 
effect is observed when reducing the contact roughness of the surface layers of the materials of the 
contacting bodies. In the presence of a set of factors taken into account (disturbance of nominally 
coincident surfaces, influence of surface layers’ roughness and elastic-plastic deformation of the 
materials of the contacting bodies), the resulting effect exceeds those of each of the effects. 
Therefore, by means of certain constructive and technological measures, it is possible to 
significantly improve the conditions of contact interaction between bodies.  
 
 Keywords:  Contact interaction, Variational inequality, Contact roughness, Congruent surfaces, 
Surface modification. 

1. Introduction  
 
In many designs, the contact of parts along 
congruent (coinciding) surfaces is used to transmit 
power by individual parts. At the same time, there is 
a problem of determining the stress-strain state 
(STS) taking into account the contact interaction of 
these bodies. These are the so-called conformal 
contact problems [1-7]. Such tasks include, in 
particular: contact in splined joints, toothed 
gearings, in engine elements, in bearings, etc. 

When analyzing the contact interaction with 
accounting for the specified features, it should be 
taken into consideration that in reality, contact along 
nominally matching smooth surfaces is not realized. 
This is caused by the presence of rough layers, films, 
coatings, etc. in the contact zone. In addition, there 
are inevitably macro deviations from the nominal 
shape of the contacting surfaces due to errors in 
manufacturing. Errors in installation, assembly and 
deformation of other parts (shafts, bearings, 
supports, etc.) on which the studied contacting 
bodies are installed also contribute to the problem. 

Therefore, the application of models of conformal 
contact problems [1, 8-10] can lead to a distortion of 
the real picture of contact interaction. 

One more factor should be taken into account. 
The fact is that in addition to unintentional 

disturbances of the nominal properties of the contacting 
bodies’ surfaces, it is also possible to consider their 
intentional change. This is a modification of these 
surfaces. Such a modification is intended, firstly, to 
compensate for the negative impact of the 
unintentional disturbances listed above, and, 
secondly, to improve the conditions of the contact 
interaction of structural elements. 

Another important factor that must be taken into 
account in many cases is the plastic deformation of 
the contacting bodies. Indeed, compared to the case 
of elastic bodies’ contact, the appearance of plastic 
deformations can significantly affect the contact 
interaction of the studied bodies.  

Therefore, as a result, a problem arises that 
requires development of traditional problem setting 
[8-10]. At the same time, it is necessary to take into 
account the above-mentioned factors: disturbance of 
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nominally matching surfaces, influence of surface 
layers’ roughness and elastic-plastic deformation of 
the contacting bodies’ materials. 

Such task is considered in this work. 
  

2. Analysis of Existing Methods of Stress-
strain State Analysis and Contact 
Interaction of Structural Elements 

 
The mechanics of contact interaction [8-10] has 
significant achievements in its development. 

In particular, the Hertz model for analyzing the 
contact interaction of smooth bodies should be 
noted. The gap between the bodies is given in the 
form of a sufficiently defined quadratic form of 
coordinates [10]. However, for the case considered 
in the paper, this model is not applicable. 

Among the more universal, compared to the 
Hertz model, the theory of variational inequalities 
should be noted [11]. Thus, in the case of smooth 
bodies, the problem of their contact is reduced to the 
problem of minimizing the functional of the total 
energy of the elastic bodies system within a set of 
displacements distributions that satisfy the 
conditions of non-penetration of the points of the 
bodies into one another on the surfaces of possible 
contact. However, such a classic statement does not 
take into account the entire complex of factors that 
are important in the case under consideration (see 
above). 

At the same time, the approach itself, which 
reduces the contact problem to a variational 
problem, is quite promising. 

Among the set of problems on the contact 
interaction of structural elements, a number of them 
attract attention, which are similar in formulation to 
the researched ones. 

For example, in work [12] it was established that 
stresses arising in torsion shafts are mainly 
concentrated in the zone of contact interaction of the 
splined shaft head with the splined coupling. 
Modelling of the elastic-plastic deformation of 
torsion shafts of vehicle suspension systems, taking 
into account the contact interaction, is reduced to a 
variational formulation of the problem based on the 
theory of variational inequalities. The method 
proposed in the paper is applied to calculate the 
stress-strain state of the torsion shaft, taking into 
account plastic deformation of the material and 
contact interaction with contacting bodies.  

In work [13], to model the reaction of torsion 
shafts to the action of the torque, the stress-strain 
state is analyzed taking into account the contact 
interaction with the splined sleeve. The peculiarities 
of contact pressure distribution between these 
bodies have been established. The nature of the 
stress concentration in the splined depressions of 
the shaft head is determined. Research models and 
methods have been developed that make it possible 

to develop recommendations for design solutions 
when designing vehicle suspension systems.  

The factors that determine the strength of the 
torsion shaft for the values of the diameters of the 
torsion shaft head, which are close to the diameters 
of the torsion shaft stem, are determined. In the case 
under consideration, it is primarily the strength of 
the torsion shaft’s head. In particular, it was 
established that significant plastic deformations and 
contact loads occur in the torsion shaft heads in the 
course of manufacturing operations. This factor is 
decisive when justifying the design parameters of 
torsion shafts. 

It is stated in this work, following reviewing [14-
17], that there is an urgent task of developing 
improved approaches, models and methods of 
researching the stressed and deformed state of a 
torsion shaft, taking into account the elastic-plastic 
nature of the deformation in the entire body of the 
shaft, including its head, as well as taking into 
account the contact interaction in the splined joint. 
In the same works, it is mainly about the stem 
(cylindrical) part of the torsion shaft when 
determining the strength of the torsion shaft. The 
solution of such problem was carried out in work 
[13]. 

The contact interaction of complex-profile 
elements of machine-building structures is in many 
cases a factor that determines the performance, 
durability, load capacity and other characteristics of 
the product as a whole. Examples include rolling 
bearing bodies, gear teeth with modified working 
surfaces, ball pistons of radial hydraulic 
transmissions and many other complex-profile 
bodies. 

In particular, the purpose of the study [18] is to 
increase the energy efficiency and resource of highly 
loaded teeth of the driving gear in transmission 
shafts of core drilling pumps due to the 
substantiation of critical loads and stresses in 
hardened gear coatings that operate under 
conditions of intensive wear of the contact surface 
with fracture. A simulation of gear wheels’ contact 
demonstrates the conditions under which the 
maximum stress values occur, which can disturb the 
balance of forces and deform the geometry of the 
tooth. 

Classical calculation methods do not take into 
account the influence of the intensity and volume of 
wear on the change in the structural geometry of the 
part. A worn contact surface affects the dynamics of 
force moments and contact stress redistribution and, 
as a result, changes the structure of the relative 
position of the contact surfaces relative to the 
calculated axis of symmetry [19].  

When the material wears out, the width of the 
tooth changes, which leads to a change in the 
engagement angle and the contact surface area of the 
tooth [20]. 
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In works [21-23], it is noted that as a result of 
mechanical wear, deviation of the angle of gear 
engagement and other structural elements, the 
action of the radial force changes significantly, along 
with the vector of its application per contact area 
unit. 

Localization of zones of internal fatigue stress 
concentration is a problem of extending the 
resource.  It was also noted that understanding the 
principle of redistribution of metal structure fatigue 
phenomena during operation will enable effective 
development of technical solutions for construction 
and manufacturing technology. Long-term operation 
brings slight surface wear, which contributes to the 
loose fit of the contacting surfaces and, as a result, a 
deviation of the calculated axes of the contact 
transmission (change in the design of the 
mechanism), which causes a redistribution of the 
load on the teeth surface [18]. 

A complex of studies [24-26] is devoted to the 
analysis of the stress-strain state of complex-profile 
elements of rolling bearings under conditions of 
materials’ contact interaction and elastic-plastic 
deformation.  

However, these works do not take into account 
the entire complex of significant factors. 

In particular, many works [27-30] describe 
models of the properties of materials’ surface layers 
(roughness, sputtering, films, coatings, etc.). 

Another important factor is the model of elastic-
plastic deformation of materials [31]. 

To date, there are no universal formulations for 
generating solutions for analysis of bodies’ contact 
interaction with accounting for various factors. 
However, certain formulations in the works by Zhao 
J., E. Vollebregt C. [32] are adapted to development in 
areas of interest. Variational principles, which can be 
formed on the development of Kalker's principle 
[33], have a certain universality with respect to the 
properties of contacting bodies. This makes it 
possible, using Kalker's principle as the initial "core", 
to build it up due to the terms in which various 
characteristic properties of certain objects under 
study are concentrated. This makes it possible to 
take into account the nonlinear properties of the 
surface layers of body materials that are subjected to 
technological operations of strengthening, spraying, 
heat treatment, etc. The influence of these effects is 
significant; therefore, it is necessary to develop 
physically adequate and mathematically rigorous 
models that predict, in particular, the dependence of 
the behavior of the studied objects’ materials on the 
load history. 

However, up to date, there are no such 
developments in the literature, which are fully aimed 
at the listed problematic aspects.  

At the same time, in [12, 28] models and methods 
of contact interaction research are described, which 
are open to expansion to new classes of problems. 

 

In [28], theoretical foundations of stress-and- 
deformed state are formed, taking into account the 
contact interaction of complex-profiled bodies and 
substantiating the properties of non-traditional 
materials and the shape of the surfaces of the 
contacting bodies according to strength criteria. For 
the first time, nonlinear mathematical models of 
material behavior on the contact surface or 
intermediate layer were developed. They are built on 
the basis of a combination of models of contact of 
micro-uniformities and conditions of penetration of 
bodies into one another. These models, firstly, reflect 
more adequately in physical terms the mechanism of 
contact interaction of rough bodies, and, secondly, 
unlike the traditional linear conditions of kinematic 
contact, lead to more complex, but more accurate, 
nonlinear mathematical models. 

This creates new opportunities for analyzing the 
contact interaction of bodies, as a new important 
factor is taken into account. The boundary elements 
method received further development in the 
direction of solving structurally-physically nonlinear 
problems of contact interaction, which contain 
nonlinear, rather than linear members, as in 
traditional approaches, under conditions of 
movements’ compatibility at the boundaries of 
contacting bodies. For this purpose, a modification of 
Kalker's variational principle was developed for the 
case of physically nonlinear intermediate layers. 

Thus, it is possible to take the variational 
formulation of the contact problem as a starting 
point, supplementing it with new significant factors: 
perturbation of the shape of the surfaces of 
contacting bodies, the properties of their surface 
layers, and elastic-plastic deformation of materials. 

The purpose of the work is to improve the 
variational formulation of the problem of the contact 
interaction of elastic-plastic bodies under 
perturbances in the shape of nominally matching 
contact surfaces and the properties of the surface 
layers of the material. 

Tasks of research:  
1. Development of an improved variational 

formulation of the problem.  
2. Creation of numerical models of the stress-

strain state of contacting bodies. 
3. Research of stress-strain state and contact 

interaction on the example of torsion shafts of 
vehicle suspension systems. 
 

3. Development of an Improved 
Variational Formulation of the 
Problem 

 
The contact of two bodies 1 and 2 occupying the area 
of Ω1 and Ω2 is considered. They contact along the 
surfaces and  . In the nominal case:  

CC SS
21

 ,                                                                   (1) 
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that is, these surfaces are congruent (matching). 
If we denote the distribution of displacements in 

these bodies as 
 

)(
111

ruu = , )(
222

ruu = ,                                       (2) 

 
where 

1
r , 

2
r  are the radius-vectors of the points of 

bodies 
1

  and  
2

 , which are specified in the 

Cartesian coordinate system 
321

xxOx , then the 

contact problem is reduced to the problem of 
minimizing the energy functional [34] 
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where FS
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 are areas of the surfaces of bodies 1 

and 2 loaded with distributed forces F ; f – 

volumetrically distributed forces.  
At the same time, in (3), the components of the 

stress  and strain tensors   depend on the of the 
displacement vector components 
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where 

ijkl
C  is the tensor of the modulus of 

elasticity of the materials of the contacting bodies. 
Problem (3) takes the form:     
 

:u min)( →uI , Ku ,                                       (8)  

 
where: 
                 

}:{
12

2

2

1

1

+
cscs

uuuK .                                             (9) 

 
Here K is a set of displacements distributions along 
the normals 

1
 and 

2
 , which satisfy the conditions 

of impenetrability of bodies to one another on the 

surfaces CS
1

, CS
2

 respectively with a gap 
12
 between 

them. 
It is also assumed that the anchoring conditions 

also apply 
 

0=
uS

u ,                                                                 (10)  

 

where uuu SSS
21

=  is a fixed surface connecting 

the fragments of bodies’ 1 and 2 surfaces. 
If we turn to problem (8), it should be noted that 

for the case of contact between elastic smooth bodies 
we have a quadratic programming problem [35]. 
Let's return to the development of problem (8), (9) 
for the case of accounting for new factors. 

1). Elastic-plastic deformation of materials in 
contacting bodies. 

In this case, the stress-strain state of contacting 
bodies depends, in contrast to the case of elastic 
bodies, on the load history [31, 34]. To take this 
dependency into account, the parameter   

responsible for the evolution of loads is introduced: 
 

),( rFF = ; ),( rff = .                                 (11) 

 

Let us apply it to the analysis of the stress-strain 
state and the contact interaction of the incremental 
type dependency [34, 36]. They can be written in 
load increments dfdF, , displacement vectors du , 

stress d and strain tensors d . Then (6) and (7) 

are transformed to the form: 
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where 

ijkl
C  tensor depends on the current stress-

strain state and the type of load (active, neutral, or 
unloading) [34, 36]. 

Under these conditions, the structure of the 
functional (3) remains the same, but in 
displacements: 
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Then (8), (9) take the form: 
 

min)( →duI ,                                                   (15)   
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where )(
~

12
 is the current gap between the 

surfaces CS
1

and CS
2

. 

Finally we have: 
 

 =
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Thus, the original problem is reduced to a 
sequence of problems in increments, which 
structurally correspond to the traditional problem 
[37, 38], although with variable physical and 
mechanical properties of the bodies’ materials and 
replacement of the initial gap with the current one. 

2). Taking into account the properties of the 
surface layers of the contacting bodies’ materials. 

In order to take into account, the properties of 
the surface layers of the materials of the contacting 
bodies, they are presented in the form of some 
additional fictitious bodies that simulate the 
properties of these surface layers. Applying Winkler-
type models [11, 31] to these layers, we have an 

additional addition to the functional dI : 

 

12

)(

2

2

1
)(:)( +=  dcduIduI

cS

,                            (18) 

 
where )(ucc =  is the current roughness of the 

materials’ surface layers, 
12

  is the value of the 

normal compression of these layers. 
Dependencies ),( uc  determine physical and 

mechanical properties of the surface layers’ 
materials. They depend on the structure of these 
layers (technological modes, structure and 
composition of coatings, etc.), as well as on the 
current stress-strain state. 

At the same time, 
12

  depends linearly on the 

increments components du . Therefore, the 

functional (18) remains structurally the same as 
(14). 

3). Taking into account the disturbance of the 
geometric shape of the contacting bodies’ surfaces. 

When the surfaces of contacting bodies are 
disturbed, two effects occur.  

I. The gap between contacting bodies changes: 
 

121212
:  += ,                                                    (19) 

 
where 

12
  is the gap perturbation. 

II. Areas 
1

  and 
2

  also change due to 

disturbances: 
 

111
: −= , 

222
: −= .                     (20)  

 

Due to additivity of the integrals in (13) and 
considering the smallness of the areas’ perturbations 
of the compared to the areas themselves, such a 
perturbation of the functional can be modelled by 
fictitious physical and mechanical properties of 
materials. That is, in the perturbation areas, the 
tensor components 

ijkl
C become zero. 

Summing up, it can be noted that based on the 
development of [12, 13, 28, 31], a methodology for 
taking into account new additional factors for the 
analysis of the stress-strain state and the contact 

interaction of bodies along matching (congruent) 
surfaces has been proposed. At the same time, 
dependence of the stress-strain state and contact 
interaction on the load history is considered. The 
individual case of the contacting surfaces’ 
congruence, in particular, leads to the fact that the 
initial gap 

 

0)0(
12

= .                                                       (21) 

 

The described models and methods are the 
essence of the developed more universal approach to 
the analysis of contact interaction of elastic bodies. 

 
4. Creation of Numerical Models of the 

Stress-strain State of Contacting 
Bodies 

 
To analyze the stress-strain state and the contact 

interaction of bodies with nominally matching 

contacting surfaces, the case of the interaction of a 

fragment of a torsion shaft of a vehicle suspension 

system with a spline coupling is considered. In fig. 1 

the geometric model of these rotation bodies is 

shown. Due to cyclometry, the sector of 
 23,939360 =  is highlighted. 

 

 

Figure 1: Geometrical model of the torsion shaft 
(1/39th part) of a vehicle’s suspension system with a 

splined coupling 
 

In fig. 2, marginal conditions are shown. In fig. 3 – 

load conditions. Here ]2;0[ is the load parameter. 

At the same time, the load is carried out by turning 

the right cross-section of the torsion shaft to the 

twist angle:  0)2(;5)1(;0)0( ===  . 

The following are being investigated: 

A. The case of nominally congruent surfaces and 

elastic behavior of the contacting bodies’ material. 

Properties of the bodies’ materials: modulus of 

elasticity E=200 GPa, Poisson's ratio ν=0.3. 

B. The case of nominally congruent surfaces and 

elastic-plastic deformation of bodies’ materials. 

Material properties of elastic-plastic bodies’ 

materials: yield strength – 1600 MPa, cross-sectional 

elasticity modulus – 3200 MPa. 
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С. The case of perturbation of the geometric 

shape of contacting bodies and the elastic behavior 

of the materials of the bodies. 

In fig. 4, the form of disturbance in the axial 

section is demonstrated. 

D. The case of perturbation of the geometric 

shape of the contacting bodies and the elastic-plastic 

behavior of the materials of the bodies. 

E. The case of perturbation of the geometric 

shape of the contacting bodies and the elastic surface 

layer. 

F. The case of disturbance of the geometric shape 

of the contacting bodies, the elastic-plastic behavior 

of the materials of the bodies and the presence of an 

elastic surface layer. 

 

 

Study of stress-strain state and contact interaction 

on the example of torsion shafts of vehicle suspension 

systems. In fig. 5–10 are the results of studies of the 

stress-strain state and contact interaction of torsion 
shafts of vehicle suspension systems. 

 

 
Figure 2: Boundary conditions for contacting bodies 

 

 
 

 
Figure 3: Load conditions for contacting bodies 

 

¼ L

L

ΔR

 Figure 4: Form of disturbance of contacting bodies 
 

As can be seen from the analysis of the results of 
the conducted research, the following features are 

 

inherent in the stress-strain state and contact 
interaction. 
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Equivalent stresses at different moments of time Contact pressure at different moments of time 

  
5,0=  

  
1=  

  
5,1=  

Figure 5: Results of studies of the stress-strain state and contact interaction of torsion shafts of vehicle suspension 
systems: equivalent Mises stresses and contact pressure in the torsion head (option A) 

 
Equivalent stresses at different moments of time Contact pressure at different moments of time 

  
5,0=  

  
1=  

  
5,1=  

Figure 6: Results of studies of the stress-strain state and contact interaction of torsion shafts of vehicle suspension 
systems: equivalent Mises stresses and contact pressure in the torsion head (option B) 
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Equivalent stresses at different moments of time Contact pressure at different moments of time 

  
5,0=  

  
1=  

  
5,1=  

Figure 7: Results of studies of the stress-strain state and contact interaction of torsion shafts of vehicle suspension 
systems: equivalent Mises stresses and contact pressure in the torsion head (option C) 

 
Equivalent stresses at different moments of time Contact pressure at different moments of time 

  
5,0=  

  
1=  

  
5,1=  

Figure 8: Results of studies of the stress-strain state and contact interaction of torsion shafts of vehicle suspension 
systems: equivalent Mises stresses and contact pressure in the torsion head (option D) 



Contact Interaction of Bodies Along Congruent Surfaces 

 

 

International Journal of Mechatronics and Applied Mechanics, 2024, Issue 17 40 

Equivalent stresses at different moments of time Contact pressure at different moments of time 

  
5,0=  

  
1=  

  
5,1=  

Figure 9: Results of studies of the stress-strain state and contact interaction of torsion shafts of vehicle suspension 
systems: equivalent Mises stresses and contact pressure in the torsion head (option E) 

 
Equivalent stresses at different moments of time Contact pressure at different moments of time 

  
5,0=  

  
1=  

  
5,1=  

Figure 10: Results of studies of the stress-strain state and contact interaction of torsion shafts of vehicle suspension 
systems: equivalent Mises stresses and contact pressure in the torsion head (option F) 
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5. Conclusions 
 
1. Case A is characterized by a high unevenness of 

the contact pressure distribution between the 
torsion shaft and spline coupling. 

2. Taking into account elastic-plastic deformation 
leads to a more uniform distribution of contact 
pressure and a decrease in its level compared to the 
case of accounting for elastic deformations only. 

3. A certain distortion of the shape of the torsion 
shaft’s surface, taking into account the stiffness of 
the surface layers of the materials of the contacting 
bodies also lead to a decrease in the level of contact 
pressure and a more uniform distribution of it. 

4. In the presence of a set of factors that were 
taken into account, the resulting effect exceeds those 
of the action of each individual effect. 

Thus, we can draw a general conclusion that by 
introducing perturbations to the geometric shape of 
bodies contacting along nominally congruent 
surfaces and properties of materials’ surface layers, 
as well as changes in physical and mechanical 
properties during elastic-plastic deformation of 
materials, it becomes possible to significantly reduce 
the level of contact pressure. Therefore, by means of 
certain constructive and technological measures, it is 
possible to significantly improve the conditions of 
contact interaction of these bodies. 

The research was carried out as part of the 
EURIZON N3055 project "Combined technologies of 
metallic surface modification by micro-arc oxidation 
and boriding for critical machine parts with high 
contact loads". 
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