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Abstract - A new motion control system for a hydraulic rotary actuator was designed in this work.
The hydraulic fluid that goes to the actuator was used in a variable displacement pump to control
the actuator movement. A mathematical model was conducted and the stability and performance of
the open loop system were studied. Routh-Hurwitz stability criterion was implemented to assess
the system stability which showed that the system is stable as long as realistic parameters are
chosen for the design. Since the open loop system showed poor performance, PID and H-infinity
controllers were considered to improve the system overall performance. Multiplicative uncertainty
was considered in the H-infinity design process to ensure that the system responds well when
uncertainties in the system parameters exist within a specified range. The leakage and friction
coefficients are the parameters that were considered uncertain due to their expected change with
time. The uncertainty was considered in the viscous friction and the leakage coefficients within a
range of #3%. The results showed that the open system has about 20% percent overshoot, 10%
steady state error for a unit step input signal and a poor disturbance rejection. The system with
both H-infinity and PID controller has no steady state error and a low settling time which is about 7
time constants (6.3 ms). The H-infinity controller provides the least percent overshoot in response
to the unit step input signal, 4% compared to 10% for the PID controller. In addition, the H-infinity
controller provides faster response and better disturbance rejection characteristics. Finally, only
the H-infinity controller meets the robustness requirements.
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1. Introduction

In engineering applications like off-highway
airplanes and vehicles, hydraulic motors are widely
used for their high-power density and adaptability.
Using hydraulic motors often requires a precise
motion control to perform various operation
requirements. Extensive amount of studies have
been performed to design such systems that fulfill
the requirements. In terms of the flow control
methodology, there exist two primary categories of
hydraulic control systems, namely pumping control
systems and valve control systems.

Valve control systems are characterized by their
low cost and simplicity compared to pump control
systems. However, these systems are not efficient
due to the power losses that results from the drop of
pressure across the valve. In [1], a sliding mode
controller was designed for a valve controlled
system used to control the position of a hydraulic

motor. A valve controlled system with a pressure
compensator was presented in [2] for a forestry
crane. Experiments were performed in which the
actuator position was measured to assess the system
performance. In order to reduce the power losses,
switched inertance systems were designed in [4,5].
In these systems fast switching valves are used for
the flow control purposes. These systems suffer from
the high noise in addition to the requirement of
extreme fast valves. A review of flow control valves
is given in [3]. Another attempt for increasing the
efficiency of valve controlled system is the use of
inlet throttled pump [6-9]. In these systems the valve
is placed at the pump suction side so that the
pressure drop across the valve is lowered. However,
the cavitation problem associated with these
systems limits the durability of them.

Pump controlled systems are divided into speed
controlled systems and displacement controlled
systems. In speed controlled systems, the flow is
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adjusted by adjusting the pump speed. Motion
control designs for hydraulic and electromagnetic
motors that use this method are presented in [10-
17]. The inertia effects limit the response speed of
these systems. Displacement controlled systems are
characterized by their high efficiency and excellent
response [18]. A detailed study of the efficiency of
variable displacement pumps under various
operating conditions is presented in [19].

In many real-world applications, hydraulic
actuators interact with suspension systems. In [20],
the exponential function was utilized to design the
coil voltage required to track the desired actuator
displacement. On the other hand, [21] proposed an
adaptive model predictive strategy to capture the
final actuator position while involving a wide range
of initial states and input dispersions.

In this paper, a new motion control for a
hydraulic rotary actuator wusing a variable
displacement pump is proposed. The system was
modeled and the open loop stability and
performance of the system were studied. Then PID
and H-infinity controllers were designed with the
aim of improving the system performance. The
system response was compared for the three cases.

2. System Model

Figure. 1 shows the components of the system.

Variabie displacement pump Variable speed rotary actuator
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Figure 1: A schematic of the system

3. Model, Uncertainty and Control

The proposed hydraulic system is governed by the
equation of motion, Eq. (1), and the pressure
dynamics equation, Eq. (2) as shown below:

JO, + b6, + K. 0,

_F
V, + Va0,

=NaVaPq —Ta —Tp (1)

Py = (Qp_KPd_V:zwa] (2)

Where J is the moment of inertia, b is the viscous
drag coefficient, K: is the stiffness of the torsional
spring, 0a is the angular position of the actuator, 7a is
the actuator efficiency, Pq is the discharge pressure
of the pump, T is the disturbance torque, Va is the
actuator displacement, B is the fluid bulk modulus,
wa is the actuator speed, K is the leakage coefficient,
Qp is the pump flow rate, and Ts is the torsional

spring preload. For steady-state conditions
#,=6,=8,=0,T,=0and P; = 0), then, T, = 0.
Neglecting the term (K:&) [22], Eq. (1) may be
expressed as follows,

Jag+bw, =PV, — T, (3)

Linearizing of Eq. (2) around the above
mentioned steady-state conditions yields,

B
=" (0, —kPy —V,w,
VE(QP d GJ) (4)

Substituting for @, = @V, w, gives,

B, =E(ﬁifcu — kP, — Vywg)
1{: rp (5)

For the purpose of generalization of the
mathematical model and reduction of the variables
number, non-dimensional model was considered in

this work. The model non-dimensionalization was
performed using the following reference conditions:

P, =P,P, and t = fr.

Using the above mentioned definitions, Equations
(3) and (5) can be non-dimesionalized as follows:

d(@awar)

J—=—+ baawar = naﬁderl‘ﬁ - Ta
d(tf) (6)
Dividing Eq. (6) by P,,.V,1, yields,
Aa’ja—i-b&a: ;_fa (7)
Where:
f: Jwgr
'PdrVama
EJ" — bwar
Pdr]’ztna
s T,
. PgpVimNa (8)

Using the same definitions, Eq. (5) can be
expressed in dimensionless form as follows,

d(P;P -
m ﬁ[: VCU ’I':Pdpdr_%waaa)

d (tl’) 9)
Multiplying Eq. (9) by 7z/Par gives:
g av,w, B, By s,
VDPA?‘ Vo Vopd:l' (10)
Let
_%
F Tk
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¥ and ¥,, the non-dimensional groups, in Eq. (11)
are defined as,

¥ = Yoy
o V:Iwar
L=
Park (12)

Table 1: Dimensionless quantities in Egs. (7) and

(11).

Quantity value
b 0.15
] 5.84
T 0.82
¥ 10
w, 8.89

4. Stability Analysis

For stability assessment purposes, the governing
equations are written in the state-space form as
follows,

¥=Ax+Bu and y=Cx+Du

Letx = [ﬁd aﬁaf, u=[a ?a]Tandy = g

A=|1 _§,3=[0 _3],C=[o 1], D =0.
J i I

Routh-Hurwitz criterion was used to assess the
system stability which states that the system is
stable if the coefficients of the characteristic
equation (given in Eq. (13) below) are all positive.

(la:j
ay = g+ b]
a, = (b+%¥,) (13)

5. Controller Design

The transfer function due to the system reference
input (G) and due to the disturbance input (Gr) are
given in Eqgs. (14) and (15) respectively.

oo Ba_ w1
@ Js2+(J+b)s+(b+¥) (14)
& —(s+1

GTZC‘JT (s+1)

T, Js2+(+b)s+(b+%) (15)

In order to enhance the system performance, two
controllers were designed in this work, PID and H-
infinity. Auto-tunning was used to determine the PID
controller gains which were found to be Kp=1, Kl=
1.013, Ka= 0.796.

Aiming to improve the system response, H-infinity
controller was designed. In order to ensure the
controller robustness to the possible variations in
the system parameters, parametric uncertainty was
considered in the design process. The uncertain
parameters in this work are the fluid bulk modulus,
the leakage coefficient, and the viscous drag
coefficient with a range of change of *3%. The
multiplicative uncertainty is computed by dividing
the difference between the perturbed and nominal
plants frequency responses by the frequency
response of the nominal plant as demonstrated in
Eqg. (16),

Gpgrt []CU) - GU UCU)
I[(w) = max .
GpereEll Gy (jw) (16)
The transfer function that bounds frequency
responses of the maximum values of the

multiplicative error, wy, that is shown in Eq. (17) and
(18) was determined numerically.

w;(jw) = (), Yo (17)

_ s*+ 665+ 109
3455’ + 15185 + 167 (18)

Wy

An illustration of the block diagram of the
proposed system that shows the control effort
weight, wy, performance weight, wp, and the
multiplicative  uncertainty =~ weight, w;, is
demonstrated in Fig. 2.
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Figure 2: A schematic of the block diagram

Z1 and Z; in Fig. 2 are and the weighed error and
weighted control effort respectively and E is the
error signal. The performance weight transfer
function is calculated as follows [23],
5 | -
—+a
wy(s) = M * Ab
5+ awyg (19)
Where a, M, and wb are the low frequency error, the
high frequency error, and the bandwidth frequency
of the sensitivity function respectively. Their values
where chosen to be 0.1, 6, and 0.2 respectively, while
the control effort weight, w,, was chosen to be 1. The
H-infinity controller transfer function must meet the
conditions shown in Eq. (20) [24]:
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IsGaw, G| <1
||Swp(icu)||m <1
ISEw, (o)l < 1
[SKGawy (o)l < 1 (20)

The controller transfer function, K(s), was
determined using the Matlab Function hinfsyn.m,
and it is shown in Eq. (21).

5.057 s? + 5.126s + 4.269
s? + 6568 5% + 69075 + 0.135  (21)

K(s) =

The generalized model, P, and the nominal
system matrix, N, which is produced from the
generalized model and the controller, K, are
illustrated in Figs. 3 and 4 respectively.
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Figure 3: A schematic of the generalized plant model
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Figure 4: A schematic of the N-A structure

From Figs. 2 and 3, Z2, ya, Z1, and E are found as
shown in Egs. (22-25)

Ya =Wl (22)

Zy = —Gow, iy + W,R — Grw,T — Gywpul 23)
Zz = w,u (24)

E = —Gyuy+ IR — G;T — Gyu (25)

The generalized model, P, can be written as
demonstrated in Eq. (26).

Ya Uy
HelH
E u (26)

In Eq. (26), the exogenous inputs, w and is the
exogenous outputs, z can be defined as illustrated in
Eq. (27) and Eq. (28) respectively.

_ IR
o= (27)
z=[] (28)

The components of the P matrix, P4, Py, P3;, and
P55, as shown in Eq. (29) can be defined in Egs. (30-

33), then the P-matrix is computed as shown in Eq.
(34).

p= [Pn Plz]
Py P (29)
0 0 0
0 0 0 (30)
Wlf.
P, =|—Gowp
Ve (31)
Py =[G I —Gp] (32)
Py = [—Gy) (33)
0 0 0 "
1 0 0 0 W,
—Gy I —Gy Gy 34)

The controller design process was based on the
uncertainty and performance of the system, the
structured matrix, A, was considered [22-24] as
shown in Eq. (35).

sfo s
; (35)

The N and P matrices are related by lower linear
fractional transformations as shown in Eq. (36). In
addition, the inputs and outputs of the matrix N are
shown in Eq. (37).

N =Py + P K(I— Pyp) ™ Py (36)
Ya A
) T (37)
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4. Stability and Performance Criteria

The nominal stability is met if the nominal system is
stable. The nominal performance (NP), robust
stability (RS), and the robust performance (RP)
criteria are shown in Eq. (38-40) [22].

NP = [Nyl < 1 (38)
RS = [Nyl <1 (39)

RP <= p(N,A) <1 (40)

5. Results and Discussion

Figures 5 and 6 shows that the conditions in Eq. (20)
are satisfied. Figure 7 shows the multiplicative
parametric uncertainty transfer function that
bounds the maximum multiplicative error. It was
shown that both controllers (PID and H-infinity)
meet the robust stability requirements as illustrated
in Fig. 8. However, only the H-infinity controller
meets the nominal and robust performance as
shown in Figs. 9 and 10.
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Figure 5: Frequency response of 1/wp, S and S.GT.
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Figure 7: Multiplicative uncertainty transfer function
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It can be seen from Fig. 11 that both controllers
exhibit similar great disturbance rejection that was
injected to the system at time equals 20 time
constant. The system rejects the external
disturbance with zero steady state error, about 2%
maximum percentage overshoot and less that 5 time
constants settling time. It can also be seen that the
reference tracking properties for the H-infinity are
better that those of the PID controller. The
percentage overshoot for the H-infinity controller is
less than 5% compared to 21% for the PID
controller. Figure 12 shows the swashplate behavior
of the pump which demonstrate that the swashplate
angle increases as the disturbance torque is applied
to compensate for it and keep the actuator speed
constant. In addition to the enhancement in the
system performance, using the controllers improves
the system efficiency by providing a swashplate
angle that is exactly required by the system which
reduces the power consumption compared to the
open loop system.

= Open loop response
L Closed loop response with PID controller|
Closed loop response with H30 controller
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Figure 11: Dimensionless motor rotational speed vs.
time
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Figure 12: Dimensionless pump swashplate angle vs.
time

6. Conclusions

A variable displacement pump was used to design a
speed control system for a hydraulic rotary actuator.
The stability, performance, and robustness of the
system were studied. PID and H-infinity controllers
were designed. The following can be concluded from
the results of the present work. It can be concluded

that using the controllers greatly improves the
system performance. Also, both of the proposed
controllers provide similar excellent disturbance
rejection characteristics and meet the nominal and
robust stability. However, only the H-infinity
controller meets the nominal and robust
performance. Finally, it can be concluded that the
enhancement in the system performance that the
controllers provide, using the controller improves
the system efficiency.
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