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Abstract - This paper presents two advanced Sliding Mode Control methods for trajectory tracking 
of a two-degree-of-freedom (2-DoF) robot: Sliding Mode Control combined with Fast Terminal 
(FTSMC) and SMC integrated with Prescribed Performance Control (PPSMC). The first method, 
FTSMC, aims to improve the transient response and convergence speed while addressing the 
chattering issue and maintaining robustness. The second method, PPSMC, ensures precise trajectory 
tracking, guarantees convergence time, and manages tracking errors within predefined performance 
boundaries. The stability of both control methods is verified using Lyapunov stability theory. 
Extensive simulation results for a 2-DoF robot tracking a circular trajectory validate the effectiveness 
of the proposed methods. The results demonstrate that FTSMC enhances tracking performance and 
reduces overshoot, while PPSMC ensures smoother control signals and stable performance within 
the desired bounds. 
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1. Introduction  
 
A robotic system is a programmable automated 
device designed to perform industrial tasks under a 
control system based on predetermined instructions. 
These systems complement or replace human 
workers in industrial production by performing 
complex and repetitive tasks with high precision, 
thereby improving efficiency and reducing human 
exposure to hazardous working environments. The 
applications of robotic systems have expanded 
significantly to encompass increasingly sophisticated 
tasks, including precision welding, complex assembly 
operations, and medical procedures [1-2]. 

The two-degree-of-freedom (2-DoF) robot is a 
fundamental nonlinear system widely utilised in 
research and education for control theory studies. 
Developing controllers for 2-DoF robots has attracted 
significant attention from researchers, with a primary 
focus on achieving stable control [1, 3]  and precise 
trajectory tracking [4]. Various control methods have 
been explored to enable 2-DoF robots to follow 
desired trajectories. The proportional-integral-
derivative (PID) controller, renowned for its 
simplicity and widespread industrial application [5-

8], exhibits limited effectiveness in nonlinear 
systems. 

Sliding Mode Control (SMC) has emerged as a 
prominent approach in robot trajectory tracking 
control [9-14]. This strategy offers robustness against 
system uncertainties and disturbances, making it 
particularly effective for nonlinear systems [15]. SMC 
directs system states onto a predefined sliding 
surface and maintains them there, ensuring desired 
performance despite external perturbations. Building 
upon the fundamental principles of SMC, researchers 
have developed several advanced control 
methodologies, including: adaptive SMC, which 
dynamically adjusts control parameters to 
accommodate system variations [16]; proportional-
derivative SMC, which combines SMC's robustness 
with PD control's simplicity to enhance transient 
response [17]; and fuzzy SMC, which incorporates 
fuzzy logic for improved handling of uncertainties 
and nonlinearities [18]. These developments have 
significantly expanded SMC's applicability in modern 
robotic control systems. 

Fast Terminal Sliding Mode Control (FTSMC) is an 
advanced control strategy that enhances transient 
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response and convergence speed through finite-time 
convergence to equilibrium points [19-21]. It 
employs a terminal sliding surface that introduces a 
nonlinear convergence rate, enabling rapid and 
precise state convergence even under disturbances 
and uncertainties. Whilst traditional SMC is robust, it 
often suffers from chattering—a phenomenon 
characterised by rapid control mode switching, which 
can lead to mechanical wear and reduce precision. 
FTSMC mitigates this issue by incorporating a 
terminal attractor that smooths the convergence 
process whilst preserving robustness. This feature 
makes FTSMC particularly valuable in high-precision 
applications, such as advanced robotics and 
aerospace systems, where consistent performance 
under dynamic conditions is essential. 

Prescribed Performance Control (PPC) is an 
advanced control strategy designed to ensure that 
system performance adheres to predefined 
specifications throughout its operational cycle [22]. 
Unlike traditional control methods that primarily 
focus on stability and general performance 
acceptability, PPC explicitly delineates desired 
performance characteristics, including transient 
behaviour, convergence rate, and steady-state error. 
By establishing these parameters, PPC transforms the 
control challenge into a constrained optimisation 
problem, requiring the controller to operate within 
defined bounds to achieve the desired outcomes. 

PPC is particularly effective in applications 
demanding stringent performance standards, such as 
aerospace systems, automotive controls and high-
precision manufacturing. Its ability to manage 
dynamic changes and external disturbances whilst 
maintaining adherence to specified performance 
criteria enhances its applicability in real-world 
scenarios with frequently varying operating 
conditions. By integrating PPC, systems achieve 
enhanced reliability and efficiency, ensuring optimal 
performance whilst minimising deviations from 
desired outcomes [23].  

Previous research [24] proposed a Nonsingular 
Fast Terminal Sliding Mode Control with Prescribed 
Performance (PPNFTSMC) for robotic manipulators, 
integrating PPC and FTSMC into a unified framework 
to enhance transient and steady-state performance. 
Their methodology introduces a novel error 
performance index and utilises hyperbolic tangent 
transformations to achieve robust control and rapid 
convergence. In contrast, this paper examines FTSMC 
and PPSMC as distinct control strategies, providing a 
focused analysis of their individual strengths and 
specific applications. By analysing these methods 
separately, we provide deeper insights into their 
performance, particularly under external 
disturbances, contributing a complementary 
perspective to the combined approaches in previous 
studies. 

This paper presents a modern PPSMC  [25-27] 
strategy for a 2-DoF robot, extending the traditional 

SMC framework by integrating prescribed 
performance guarantees. Unlike conventional SMC 
methods that primarily minimise tracking error and 
ensure stability, PPSMC ensures that the tracking 
error remains within predefined performance 
bounds throughout operation, even in the presence of 
uncertainties and external disturbances [28]. 

Recent studies have explored related robotic 
control approaches, including approximate 
continuous fixed-time terminal SMC with prescribed 
performance [29], adaptive sliding mode disturbance 
rejection control with prescribed performance [30], 
and fast convergent nonsingular terminal sliding 
mode with adaptive prescribed performance control 
[31]. This work addresses existing research gaps by 
introducing a more generalised and robust PPSMC 
strategy that explicitly accounts for external 
disturbances, ensuring consistent performance in 
dynamic and uncertain environments. 

The proposed approach is specifically designed for 
robotic manipulators, offering several advantages 
over existing methods, including enhanced 
operational flexibility, reduced computational 
complexity, and improved system robustness. 
Through comprehensive analytical examination and 
detailed simulations, this research demonstrates the 
effectiveness of the PPSMC strategy, particularly its 
capability to maintain precise trajectory tracking 
under diverse operating conditions. 

Contributions of this paper: 
• Development of a more robust and generalised 

PPSMC approach that ensures precise tracking 
performance even under external disturbances. 

• Comprehensive simulation results, evaluating 
system performance for circular trajectories with 
disturbances, analysed using numerical metrics such 
as Root Mean Square Error (RMSE) and maximum 
error. 

• Demonstration of significant performance 
improvements over traditional SMC and FTSMC, 
offering superior results in RMSE and maximum 
error. 

• Enhanced ability of PPSMC to handle external 
disturbances, making substantial advancements in 
precision and robustness for complex robotic 
systems. 

This paper is structured as follows: 
• Section 2 details the dynamic modelling of the 2-

DoF robot, providing a foundational framework for 
understanding system behaviour. 

• Section 3 explores the development of advanced 
control strategies, specifically the integration of SMC 
with PPC, forming the basis of our proposed PPSMC 
method. 

• Section 4 presents comprehensive simulation 
results obtained through MATLAB and Simulink, 
demonstrating the effectiveness and robustness of 
the proposed control strategies under various 
operating conditions.  
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• Section 5 concludes with a summary of the key 
findings, emphasising the significant improvements 
in performance and stability achieved through these 
advanced control techniques. 

 

2. Dynamic Modelling of the 2-DoF Robot 
 

The robotic manipulator consists of two rotational 
joints positioned within a defined coordinate system, 
as illustrated in Figure 1. A 2-DoF robot example [32-
33], depicted in Figure 1, is described in the 𝑂𝑥𝑦 
coordinate system. The primary link has a length of 𝑟1 
and a mass of 𝑚1, whilst the secondary link has a 
length of 𝑟2 and a mass of 𝑚2. Both links rotate about 
the z-axis, with their respective rotation angles 
denoted as 𝑞1 for the primary link and 𝑞2 for the 
secondary link. These links are connected by a joint 
located at the end of the first link. The torques applied 
at the primary and secondary joints are represented 
by 𝜏1 and 𝜏2, respectively, with 𝑔 denoting the 
gravitational acceleration constant.  

 
Figure 1: 2-DoF robot 

 
The 2-DoF robot operates within the 𝑂𝑥𝑦 coordinate 
system, with the centres of gravity for both links 

positioned at their respective endpoints. The links are 
characterised by their respective masses, 𝑚1 and 𝑚2, 
and the moment of inertia for each link is considered 
negligible. This simplification facilitates the 
development of the dynamic model, allowing for a 
more straightforward derivation of the control laws 
whilst maintaining model reliability. By disregarding 
the moment of inertia, the analysis focuses on the 
dominant dynamics governed by the mass and 
positional parameters, which are crucial for 
trajectory tracking control applications. This 
approximation is commonly used in control system 
design when inertial effects are minimal, ensuring the 
model remains mathematically tractable whilst 
preserving the essential behaviour of the system. 

 
Assumption 1 In this study, we assume ideal 
conditions, where actuators operate within their limits 
and measurement noise is negligible. However, in 
practical scenarios, actuators may experience 
saturation, and measurement noise could degrade 
control performance. 

 
Let (𝑥𝑚1, 𝑦𝑚1) and (𝑥𝑚2, 𝑦𝑚2) represent the 

coordinates of 𝑚1 and 𝑚2, respectively. The position 
and velocity of 𝑚1 are given by: 

[
𝑥𝑚1

𝑦𝑚1
] = [

𝑟1 cos 𝑞1

𝑟1 sin 𝑞1
] (1) 

[
𝑥̇𝑚1

𝑦̇𝑚1
] = [

−𝑟1 sin 𝑞1

𝑟1 cos 𝑞1
] . 𝑞̇1 (2) 

 
 

The position and velocity of 𝑚2 are given by: 

[
𝑥𝑚2

𝑦𝑚2
] = [

𝑟1 cos 𝑞1 + 𝑟2 cos(𝑞1 + 𝑞2)

𝑟1 sin 𝑞1 + 𝑟2 sin(𝑞1 + 𝑞2)
] (3) 

[
𝑥̇𝑚2

𝑦̇𝑚2
] = [

−𝑟1 sin 𝑞1 − 𝑟2 sin(𝑞1 + 𝑞2) −𝑟2 sin(𝑞1 + 𝑞2)

𝑟1 cos 𝑞1 + 𝑟2 cos(𝑞1 + 𝑞2) 𝑟2 cos(𝑞1 + 𝑞2)
] . [

𝑞̇1

𝑞̇2
] (4) 

 
The kinetic energy of the first and second links, 

corresponding to the kinetic energy at 𝑚1 and 𝑚2, are 
given by: 

𝐾𝐸1 =
1

2
𝑚1(𝑥̇𝑚1

2 + 𝑦̇𝑚1
2 ) (5) 

𝐾𝐸2 =
1

2
𝑚2(𝑥̇𝑚2

2 + 𝑦̇𝑚2
2 ) (6) 

Combining equations (5) and (6), the total kinetic 
energy of the system is given by: 

𝐾𝐸 = 𝐾𝐸1 + 𝐾𝐸2 

=
1

2
[𝑚1(𝑥̇𝑚1

2 + 𝑦̇𝑚1
2 ) + 𝑚2(𝑥̇𝑚2

2 + 𝑦̇𝑚2
2 )] 

(7) 

Equations (2) and (4) can be substituted into the 
kinetic energy equation (7): 

𝐾𝐸 =
1

2
(𝑚1 + 𝑚2)𝑟1

2𝑞̇1
2 +

1

2
𝑚2𝑟2

2(𝑞̇1
2 + 𝑞̇1

2 + 2𝑞̇1𝑞̇2) + 𝑚2𝑟1𝑟2 cos 𝑞2 (𝑞̇1
2 + 𝑞̇1𝑞̇2) (8) 

 
The total potential energy of the system is 

determined by the potential energies at the centres of 

mass m₁ and m₂ of the respective links. 

𝑃𝐸1 = 𝑚1𝑔𝑦𝑚1 = 𝑚1𝑔𝑟1 sin 𝑞1 (9) 

𝑃𝐸2 = 𝑚2𝑔𝑦𝑚2 = 𝑚2𝑔[𝑟1 sin 𝑞1

+ 𝑟2 sin(𝑞1 + 𝑞2)] 
(10) 
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From equations (9) and (10), the total potential energy of the system is given by: 

𝑃𝐸 = 𝑃𝐸1 + 𝑃𝐸2 = 𝑚1𝑔𝑟1 sin 𝑞1 + 𝑚2𝑔[𝑟1 sin 𝑞1 + 𝑟2 sin(𝑞1 + 𝑞2)] (11) 

The dynamic equation of the robot is established 
using the Euler‒Lagrange method as follows: 

𝑑

𝑑𝑡
(

𝛿𝐿

𝛿𝑞̇𝑖
) −

𝛿𝐿

𝛿𝑞𝑖
= 𝑄𝑖           (𝑖 = 1,2) (12) 

where 𝐿 =  𝐾𝐸 −  𝑃𝐸 , with 𝐾𝐸 representing the total 
kinetic energy, 𝑃𝐸 representing the system's total 
potential energy, 𝑄𝑖  being the generalised force, and 
the variables 𝑞𝑖  (𝑖 =  1,2) referred to as generalised 
coordinates.  
 

From equations (7) and (11), the Lagrangian of the system can be obtained as follows: 

𝐿 =
1

2
(𝑚1 + 𝑚2)𝑟1

2𝑞̇1
2 +

1

2
𝑚2𝑟2

2(𝑞̇1
2 + 𝑞̇1

2 + 2𝑞̇1𝑞̇2) + 𝑚2𝑟1𝑟2 cos 𝑞2 (𝑞̇1
2 + 𝑞̇1𝑞̇2) − 𝑚1𝑔𝑟1 sin 𝑞1

− 𝑚2𝑔[𝑟1 sin 𝑞1 − 𝑟2 sin(𝑞1 + 𝑞2)] 
(13) 

 
Based on the Euler-Lagrange equation (12) for the 

variables 𝑞1 and 𝑞2, we obtain: 

𝑑

𝑑𝑡
(

𝛿𝐿

𝛿𝑞̇1
) −

𝛿𝐿

𝛿𝑞1
= 𝜏1 (14) 

𝑑

𝑑𝑡
(

𝛿𝐿

𝛿𝑞̇2
) −

𝛿𝐿

𝛿𝑞2
= 𝜏2 (15) 

After simplification, the force applied at joint 1 is 
given by: 

 

𝜏1 = [(𝑚1 + 𝑚2)𝑟1
2 + 𝑚2𝑟2

2 + 2𝑚2𝑟1𝑟2 cos 𝑞2]𝑞̈1 + (𝑚2𝑟2
2 + 𝑚2𝑟1𝑟2 cos 𝑞2)𝑞̈2 − 2𝑚2𝑟1𝑟2𝑞̇1𝑞̇2 sin 𝑞2

− 𝑚2𝑟1𝑟2𝑞̇1
2 sin 𝑞2 + (𝑚1 + 𝑚2)𝑔𝑟1 cos 𝑞1 + 𝑚2𝑔𝑟2 cos(𝑞1 + 𝑞2) 

(16) 

 
The force applied at joint 2 is given by: 

𝜏2 = (𝑚2𝑟2
2 + 𝑚2𝑟1𝑟2 cos 𝑞2)𝑞̈1 + 𝑚2𝑟2

2𝑞̈2 − 𝑚2𝑟1𝑟2𝑞̇1𝑞̇2 sin 𝑞2 + 𝑚2𝑔𝑟2 cos(𝑞1 + 𝑞2) (17) 

 

Equations (16) and (17) yield the general equation 
of the 2-DoF robot: 

𝑀(𝑞)𝑞̈ + 𝐶(𝑞, 𝑞̇)𝑞̇ + 𝐺(𝑞) = 𝜏 (18) 

where: 
• 𝑞 = [𝑞1, 𝑞2]𝑇 is the vector representing the 

angular position; 
• 𝑞̇ = [𝑞1̇, 𝑞2̇]𝑇 is the vector representing the 

angular velocity; 
• 𝑀(𝑞) ∈ 𝑅𝟚×𝟚 is the generalised inertia matrix: 

𝑀(𝑞) = [
𝑎 𝑐
𝑏 𝑑

] (19) 

with: 𝑎 = (𝑚1 + 𝑚2)𝑟1
2 + 𝑚2𝑟2

2 + 2𝑚2𝑟1𝑟2 cos 𝑞2; 
𝑏 = 𝑐 = 𝑚2𝑟2

2 + 𝑚2𝑟1𝑟2 cos 𝑞2; 𝑑 = 0; 
• 𝐶(𝑞, 𝑞̇) ∈ 𝑅𝟚×𝟚 is the Coriolis and centrifugal 

force matrix: 

𝐶(𝑞, 𝑞̇) = [
−2𝑚2𝑟1𝑟2𝑞̇2 sin 𝑞2 −𝑚2𝑟1𝑟2𝑞̇2 sin 𝑞2

−𝑚2𝑟1𝑟2𝑞̇2 sin 𝑞2 0
] (20) 

• 𝐺(𝑞) ∈ 𝑅𝟚×𝟙 is the gravitational vector: 

𝐺(𝑞)

= [
(𝑚1 + 𝑚2)𝑔𝑟1 cos 𝑞1 + 𝑚2𝑔𝑟2 cos(𝑞1 + 𝑞2)

𝑚2𝑔𝑟2 cos(𝑞1 + 𝑞2)
] 

(21) 

where τ = [τ1, τ2]𝑇 ∈ 𝑅𝟚×𝟙 are the joint torques. 

For the calculation and control design, equation (18) 
is rewritten as follows: 

𝑞̈ = 𝑀−1(𝑞)[−𝐶(𝑞, 𝑞̇)𝑞̇ − 𝐺(𝑞) + 𝜏] (22) 

and, 

𝑞̈ = 𝑓(𝑞, 𝑞̇) + 𝑔(𝑥)𝜏 (23) 

where 𝑓(𝑞, 𝑞̇) = 𝑀−1(𝑞)[−𝐶(𝑞, 𝑞̇)𝑞̇ − 𝐺(𝑔)], and 
𝑔(𝑞) = 𝑀−1(𝑞). 

Assuming that 𝑢 = 𝜏, 𝑥 = [𝑥1, 𝑥2]𝑇 where 𝑥1 = 𝑞 =
[𝑞1, 𝑞2]𝑇 , 𝑥2 = 𝑞̇ = [𝑞1̇, 𝑞2̇]𝑇 , we obtain equation (24), 
which is described in the state space: 

{
𝑥1̇ = 𝑥2

𝑥2̇ = 𝑓(𝑥) + 𝑔(𝑥)𝑢
 (24) 

in which 𝑓(𝑥) ∈ 𝑅𝟚 and 𝑔(𝑥) ∈ 𝑅𝟚 are smooth 
nonlinear vector fields. This assumption allows the 
system dynamics to be expressed in a state-space 
form, which is essential for the application of state-
space control techniques such as SMC. The direct 
relationship between the control input and the 
generalised torque simplifies the design and analysis 
of the controller, ensuring that the control law can 
effectively regulate the system's state variables, such 
as positions and velocities. 

 
The system dynamics 𝑓(𝑥) can be represented as: 

𝑓(𝑥) = 𝑓𝑛(𝑥) + Δ𝑓(𝑥) (25) 

where: 
• 𝑓𝑛(𝑥) represents the nominal part of the 

system dynamics, which is the known or estimated 
dynamics based on the system's model. 

• Δ𝑓(𝑥) represents the uncertain part of the 
system dynamics, accounting for discrepancies, 
unmodelled dynamics, and external disturbances. 
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After developing the mathematical model of the 2-
DoF robot, the following section focuses on designing 
control strategies. This section delves into various 
methodologies aimed at enhancing stability and 
performance, including the synthesis of controllers 
and the evaluation of their effectiveness through 
simulation results. 
 

3. Controller Design for the 2-DoF Robot 
 
Equation (24) is nonlinear, where the input 𝑢 
represents the torque applied to the robot but is 
unknown. Therefore, controlling the force applied to 
the joints is essential to achieve the desired final 
position. In this section, we discuss three controllers 
for the 2-DoF robot: Sliding Mode Control (SMC), Fast 
Terminal SMC (FTSMC), and Prescribed Performance 
SMC (PPSMC). 

Figure 2 illustrates the control architecture for a 2-
DoF robot, where the goal is to track a reference 

trajectory in Cartesian space. The reference position, 
denoted by [𝑋𝑑 , 𝑌𝑑], is first input into an inverse 
kinematics block, which calculates the desired joint 
angles (𝑞𝑑), velocities (𝑞𝑑̇), and accelerations (𝑞𝑑̈) 
required to achieve the desired end-effector position. 
These values are then fed into the proposed 
controller, which generates the appropriate control 
signal 𝑢 to command the robot joints. The actual joint 
angles 𝑞 and velocities 𝑞̇ are measured and fed back 
into the controller for continuous adjustment. 
Simultaneously, the forward kinematics block 
converts the actual joint angles into Cartesian 
coordinates [𝑋, 𝑌], representing the end-effector’s 
actual trajectory. This actual trajectory is then 
compared to the reference trajectory to evaluate the 
controller’s tracking performance, ensuring precise 
and accurate trajectory tracking. The proposed 
controller in this architecture can be implemented as 
either SMC, FTSMC, or PPSMC, depending on the 
control strategy chosen to achieve precise trajectory tracking. 

 

 
Figure 2: Control architecture 

 

3.1. Sliding Mode Control 

 
The objective of the SMC method is to drive the 
tracking error towards the sliding surface and 
subsequently ensure that it moves along this surface 
to reach the origin. 

Let 𝑒 = 𝑥1 − 𝑥𝑑  and 𝑒̇ = 𝑥2 − 𝑥𝑑̇  be the trajectory 
tracking error vector and the corresponding velocity 
error vector, with 𝑥𝑑 = 𝑞𝑑 = [𝑞1𝑑 , 𝑞2𝑑]𝑇 ∈ 𝑅𝟚 being 
the desired trajectory vector of the link angles. The 
sliding mode surface is designed as follows: 

𝑠 = 𝑒̇ + 𝜆𝑒 (26) 

where 𝑠 ∈ 𝑅𝟚×𝟚 represents the sliding variables and 

where λ = 𝑑𝑖𝑎𝑔(λ1, λ2) represents a positive definite 

diagonal matrix. This assumption is foundational to 

the SMC method, which relies on driving the system's 

state to a sliding surface and ensuring that it remains 

there. The choice of 𝜆 as a positive definite matrix 

ensures the convergence of the error dynamics, 

providing robustness against disturbances. 

This assumption is standard in SMC design, where 

the sliding surface plays a critical role in achieving the 

desired tracking performance. 

 
 

The first time derivative of 𝑠 is as follows: 

𝑠̇ = 𝑒̈ + 𝜆𝑒̇ = (𝑥̇2 − 𝑥̈𝑑) + 𝜆𝑒̇ (27) 

From equations (24) and (27): 

𝑠̇ = 𝑒̈ + 𝜆𝑒̇ = 𝑓(𝑥) + 𝑔(𝑥)𝑢 − 𝑥̈𝑑 + 𝜆𝑒̇ (28) 

Based on a sliding mode function (26), the 
Lyapunov function is chosen as: 

𝑉 =
1

2
𝑠𝑇𝑠 (29) 

Derivative of both sides of (29), we have: 

𝑉̇ = 𝑠𝑇𝑠̇ (30) 

In accordance with the Lyapunov stability 
criterion, for the system to be stable, a Lyapunov 
function must always be greater than 0, and its 
derivative must be less than or equal to 0.  

Based on the reaching control law, we choose the 
following: 

𝑠̇ = −𝑘1𝑠 − 𝑘2𝑠𝑖𝑔𝑛(𝑠) (31) 

where 𝑘1, 𝑘2 ∈ 𝑅𝟚×𝟚 are the positive definite diagonal 
matrices. 

By substituting equation (31) into (30), the 
following equation can be obtained: 
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𝑉̇ = 𝑠𝑇(−𝑘1𝑠 − 𝑘2𝑠𝑖𝑔𝑛(𝑠))𝑠̇

= −𝑘1𝑠 − 𝑘2𝑠𝑖𝑔𝑛(𝑠) 
(32) 

which leads to: 

𝑉̇ = −𝑘1|𝑠| − 𝑠𝑇𝑘2𝑠 ≤ 0, ∀𝑠 (33) 

By substituting equation (27) into (31), we obtain: 

−𝑘1𝑠 − 𝑘2𝑠𝑖𝑔𝑛(𝑠) = 𝑓(𝑥) + 𝑔(𝑥)𝑢 − 𝑥𝑑̈ + λ𝑒̇ (34) 

From equation (34), the control law 𝑢 for SMC is 
designed as follows: 

𝑢 = −𝑔(𝑥)−1[𝑓(𝑥) − 𝑥𝑑̈ + λ𝑒̇ + 𝑘1𝑠
+ 𝑘2𝑠𝑖𝑔𝑛(𝑠)] 

(35) 

where 𝑘1𝑠 provides the necessary feedback to drive 
the system towards the sliding surface and 𝑘2𝑠𝑖𝑔𝑛(𝑠) 
is introduced to counteract the uncertain dynamics 
Δ𝑓(𝑥) and maintain system robustness. 
 

3.2. Fast Terminal Sliding Mode Control 
 

FTSMC extends the conventional SMC method by 
incorporating a terminal attractor. This additional 
component generates a control signal that accelerates 
the system's convergence to the desired state, 
achieving faster response times than standard SMC. 

The sliding surface of the FTSMC, which is based 
on the tracking error, is designed as follows: 

𝑠 = 𝑒̇ + α𝑒 + β𝑒
𝑎
𝑏  (36) 

where α, β ∈ 𝑅𝟚×𝟚 are positive definite diagonal 
matrices and where 𝑎, 𝑏(𝑎 < 𝑏) are positive odd 
integers. 
 
Remark 1 The FTSMC method enhances the 
convergence speed and transient performance, but the 
terminal sliding surfaces used in FTSMC may encounter 
singularities when the sliding variable reaches critical 
values, potentially leading to undefined or excessively 
large control inputs. Addressing this challenge requires 
careful design of the terminal sliding surfaces to ensure 
that the control input remains bounded and that the 
system remains stable across all operating conditions. 

 
The trajectory tracking error 𝑒(0) ≠ 0 reaching 

𝑒 = 0 within the time interval is given by: 

𝑡𝑠 =
𝑏

α(𝑏 − 𝑎)
ln

𝛼𝑒(0)
𝑎−𝑏

𝑏 + 𝛽

𝛽
 (37) 

By appropriately designing 𝛼, 𝛽, 𝑎, and 𝑏, the 
system state can achieve the equilibrium point in a 
finite time 𝑡𝑠. 

The first-time derivative of equation (36) is as 
follows: 

𝑠̇ = 𝑒̈ + α𝑒̇ + β
𝑎

𝑏
𝑒

𝑎
𝑏

−1𝑒̇ 

= (𝑥2̇ − 𝑥𝑑̈) + α𝑒̇ + β
𝑎

𝑏
𝑒

𝑎
𝑏

−1𝑒̇ 

(38) 

Substitute equation (24) into (38): 

𝑠̇ = 𝑓(𝑥) + 𝑔(𝑥)𝑢 − 𝑥𝑑̈ + α𝑒̇ + β
𝑎

𝑏
𝑒

𝑎
𝑏

−1𝑒̇ (39) 

The Lyapunov function can be defined as: 

𝑉 =
1

2
𝑠𝑇𝑠 (40) 

Take the derivative of equation (40): 

𝑉̇ = 𝑠𝑇𝑠̇ (41) 

For the reaching control law, we choose: 

𝑠̇ = −𝑘3𝑠 − 𝑘4𝑠𝑖𝑔𝑛(𝑠) (42) 

where 𝑘3, 𝑘4 ∈ 𝑅𝟚×𝟚 are positive definite diagonal 
matrices. 

Substitute equation (39) into (42): 

−𝑘3𝑠 − 𝑘4𝑠𝑖𝑔𝑛(𝑠) = 𝑓(𝑥) + 𝑔(𝑥)𝑢 − 𝑥𝑑̈ + α𝑒̇

+ β
𝑎

𝑏
𝑒

𝑎
𝑏

−1𝑒̇ 
(43) 

From equation (43), the control law 𝑢 of the 
FTSMC is designed as follows: 

𝑢 = −𝑔(𝑥)−1 [𝑓(𝑥) − 𝑥𝑑̈ + α𝑒̇ + β
𝑎

𝑏
𝑒

𝑎
𝑏

−1𝑒̇

+ 𝑘3𝑠 + 𝑘4𝑠𝑖𝑔𝑛(𝑠)] 
(44) 

By substituting equation (42) into (41) yields: 

𝑉̇ = 𝑠𝑇(−𝑘3𝑠 − 𝑘4𝑠𝑖𝑔𝑛(𝑠)) (45) 

which leads to: 

𝑉̇ = −𝑘3|𝑠| − 𝑠𝑇𝑘4𝑠 ≤ 0, ∀𝑠 (46) 

This implies the stability of the system. Note that 
𝑘3𝑠 is used to ensure that the system states converge 
rapidly to the sliding surface, and 𝑘4𝑠𝑖𝑔𝑛(𝑠) is 
introduced to counteract the effects of Δ𝑓(𝑥), thereby 
ensuring that the control system remains robust even 
in the presence of uncertainties and external 
disturbances. 
 

3.3. Prescribed Performance Sliding Mode 

Control 
3.3.1. Prescribed Performance function and error 
transformation 
 

First, a prescribed performance function is chosen 
to ensure the desired performance and to stabilize the 
tracking error within a predefined boundary: 

ψ(𝑡) = (ψ0 − ψ∞)ε−μ𝑡 + ψ∞ (47) 

where 𝜀 is Euler's number, 𝜓0 is the initial value, 
𝜓∞ is the final value, and 𝜓0 > 𝜓∞ > 0 and 𝜇 >  0 are 
exponential constants. 

The following condition is used to maintain the 
trajectory tracking error within a specified range: 

−δψ(𝑡) < 𝑒(𝑡) < δψ(𝑡), ∀𝑡 ≥ 0 (48) 

where 0 <  𝛿 <  1 is a constant. 
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As shown in Figure 3, this condition holds 
provided that 𝑒(𝑡) remains within the boundary 
defined by equation (48) for 𝑡 ≥ 0. 

In Figure 3, −𝛿𝜓(𝑡) represents the lower bound of 
the undershoot, whereas 𝛿𝜓(𝑡) represents the upper 
bound of the overshoot. The parameter 𝜇 indicates 
the convergence speed. Therefore, designing 
parameters such as 𝜇, 𝛿, 𝜓0 and 𝜓∞ to optimize the 
steady state and performance is possible. 

 

Figure 3: Prescribed performance function 
 

Although equation (48) provides a useful 
framework for ensuring that 𝑒(𝑡) meets the 
prescribed performance criteria, directly developing 
controllers for this constrained system is challenging. 
A commonly used approach is error transformation, 
which converts equation (48) into the following 
"unconstrained" formulation: 

𝑒(𝑡) = σ(𝑧)ψ(𝑡) (49) 

where 𝑧 is a transformed error; 𝜎(𝑧) is a transformed 
function; and 𝜎(𝑧) is defined as follows: 

σ(𝑧) =
δε𝑧 − δε−𝑧

ε𝑧 + ε−𝑧  (50) 

Due to the transformation error 𝑧, being blocked, 
it is calculated as follows: 

𝑧 = σ−1 [
𝑒(𝑡)

ψ(𝑡)
] =

1

2
ln

𝑣(𝑡) + 𝛿

𝛿 − 𝑣(𝑡)
 (51) 

where 𝜎−1 is the inverse function and where 𝑣(𝑡) =
𝑒(𝑡)

𝜓(𝑡)
 is the normalized tracking error. With 𝑣(𝑡) =

𝑒(𝑡)

𝜓(𝑡)
, 

the first and second derivatives of 𝑧 yield: 

{
𝑧̇ = 𝑟 (𝑒̇ −

𝑒𝜓̇

𝜓
)

𝑧̈ = 𝑟̇𝜗1(𝑒, 𝑡) + 𝑟[𝑒̈ + 𝜗2(𝑒, 𝑡)]

 (52) 

where: 

• 𝑟 =
1

2𝜓
(

1

𝑣+𝛿
−

1

𝑣−𝛿
);  

• 𝜗1(𝑒, 𝑡) = 𝑒̇ −
𝑒𝜓̇

𝜓
; 

• 𝜗2(𝑒, 𝑡) = −
𝑒𝜓̇

𝜓
−

𝑒𝜓̈

𝜓
+

𝑒𝜓2̇

𝜓2 ; 

• 𝑟̇ = −
𝜓̇

2𝜓2 (
1

𝑣+𝛿
−

1

𝑣−𝛿
) −

𝑒̇𝜓−𝑒𝜓̇

2𝜓3 [
1

(𝑣+𝛿)2 −
1

(𝑣−𝛿)2]. 

 

3.3.2. Prescribed Performance Sliding Mode 
Controller Design 
 

We can rewrite 𝑧̈ of equation (52) as: 

𝑧̈ = 𝑟̇ϑ1(𝑒, 𝑡) + 𝑟[(𝑥2̇ − 𝑥𝑑̈) + ϑ2(𝑒, 𝑡)] (53) 

By substituting equation (24) into (53) yields: 

𝑧̈ = 𝑟̇ϑ1(𝑒, 𝑡) + 𝑟[𝑓(𝑥) + 𝑔(𝑥)𝑢 − 𝑥𝑑̈ + ϑ2(𝑒, 𝑡)] (54) 

The sliding surface of PPSMC based on the tracking 
error can be designed as follows: 

𝑠 = 𝑧̇ + 𝑐𝑧 (55) 

where 𝑐 ∈ 𝑅𝟚×𝟚 is a positive definite diagonal matrix. 
 
Remark 2 PPSMC involves a nonlinear error 
transformation based on the prescribed performance 
function, which can lead to singularities when the 
tracking error approaches the limits of the prescribed 
performance bounds. These singularities may cause the 
control input to become unbounded, affecting the 
stability of the control system. It is crucial to design the 
error transformation function and the associated 
control laws in a manner that prevents the occurrence 
of such singularities, ensuring robust and stable control 
performance. 

 
The time derivative of equation (55) is as follows: 

𝑠̇ = 𝑧̈ + 𝑐𝑧̇ (56) 

Substitute equation (54) into (56): 

𝑠̇ = 𝑟̇ϑ1(𝑒, 𝑡) + 𝑟[𝑓(𝑥) + 𝑔(𝑥)𝑢 − 𝑥𝑑̈ + ϑ2(𝑒, 𝑡)]
+ 𝑐𝑧̇ 

(57) 

The Lyapunov function can be chosen: 

𝑉 =
1

2
𝑠𝑇𝑠 (58) 

The time derivative of the Lyapunov function (58) 
is as follows: 

𝑉̇ = 𝑠𝑇𝑠̇ (59) 

From equation (57) and equation (59), we have: 

𝑉̇ = 𝑠𝑇[𝑟̇ϑ1(𝑒, 𝑡) + 𝑟(𝑓(𝑥) + 𝑔(𝑥)𝑢 − 𝑥𝑑̈

+ ϑ2(𝑒, 𝑡)) + 𝑐𝑧̇] 
(60) 

The control law is denoted as: 

𝑢 = 𝑢̂ + 𝑔(𝑥)−1𝑟−1[−𝑘5𝑠 − 𝑘6𝑠𝑖𝑔𝑛(𝑠)] (61) 

where 𝑘5, 𝑘6 ∈ 𝑅𝟚×𝟚 are positive definite diagonal 
matrices. 

And, 

𝑢̂ = −𝑔(𝑥)−1𝑟−1[𝑟̇ϑ1(𝑒, 𝑡) + 𝑟(𝑓(𝑥) − 𝑥𝑑̈ + ϑ2(𝑒, 𝑡))

+ 𝑐𝑧̇] 
(62) 

Substituting equations (61) and (62) into (60) 
yields: 

𝑉̇ = 𝑠𝑇[−𝑘5𝑠 − 𝑘6𝑠𝑖𝑔𝑛(𝑠)] (63) 
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which leads to: 

𝑉̇ = −𝑘5|𝑠| − 𝑠𝑇𝑘6𝑠 ≤ 0, ∀𝑠 (64) 

This implies the stability of the system. The 
control law 𝑢 of PPSMC is defined as: 

𝑢 = −𝑔(𝑥)−1𝑟−1[𝑟̇ϑ1(𝑒, 𝑡) + 𝑟(𝑓(𝑥) − 𝑥𝑑̈ + ϑ2(𝑒, 𝑡)) + 𝑐𝑧̇ − 𝑘5𝑠 − 𝑘6𝑠𝑖𝑔𝑛(𝑠)] (65) 

in which 𝑘5𝑠 is utilized to guide the system state along 
the prescribed performance surface, ensuring that it 
meets the defined performance criteria, and 
𝑘6𝑠𝑖𝑔𝑛(𝑠) is incorporated to handle the uncertain 
dynamics Δ𝑓(𝑥), providing the necessary robustness 
to ensure that the control system remains stable and 
effective despite uncertainties. 
 
Remark 3 The control gains 𝑘1, 𝑘2, 𝑘3, 𝑘4 (for SMC and 
FTSMC) and 𝑘5, 𝑘6 (for PPSMC) are chosen as positive 
definite diagonal matrices. Selecting the control gains 
as positive definite diagonal matrices is crucial for 
ensuring the stability and performance of the control 
system. These gains are designed to balance the trade-
off between response speed and robustness, and their 
positive definiteness guarantees that the control inputs 
effectively stabilize the system. This assumption is key 
to achieving the desired transient and steady-state 
behaviour in the presence of system uncertainties. 
 

4. Simulation Results 
 
This section presents the simulation results of the 
end-effector following a circular trajectory. Three 
control algorithms—SMC, FTSMC, and   

PPSMC—are implemented to track these paths. In 
addition to trajectory tracking, the performance of the 
controllers is also evaluated under external 
disturbances. The evaluation criteria include key 
metrics such as the settling time, RMSE, and 
maximum error. The parameters of the 2-DoF robot 
are listed in Table 1. 

Table 2 presents the control parameters used in 
the implementation of the three control strategies: 
SMC, FTSMC, and PPSMC. 
 

Table 1. Parameters of the 2-DoF robot 

Parameter Symbol Unit Value 

Length of link 1 𝑟1 𝑚 0.3 

Length of link 2 𝑟2 𝑚 0.3 

Mass of link 1 𝑚1 𝑘𝑔 5 

Mass of link 2 𝑚2 𝑘𝑔 3 

Gravity acceleration 𝑔 𝑘𝑔/𝑚2 9.81 

 
Remark 4 The control parameters for SMC, FTSMC, 
and PPSMC are critical for ensuring the system's 
stability and performance. A systematic tuning process 
is required for each method. The parameters 𝑘1 and 𝑘2 
for SMC, 𝑘3 and 𝑘4 for FTSMC, and 𝑘5 and 𝑘6 for PPSMC 
should be tuned by starting with conservative values 

and gradually increasing them based on system 
response. The performance of the system can be 
enhanced by balancing the trade-off between fast 
response times and robustness against disturbances. 
 
Table 2. Selection of control parameters for the SMC, 

FTSMC, and PPSMC methods 

Method Parameters 

SMC 

𝜆 = 𝑑𝑖𝑎𝑔(10,10), 

𝑘1 = 𝑑𝑖𝑎𝑔(5,5), 

𝑘2 = 𝑑𝑖𝑎𝑔(5,5) 

FTSMC 

𝛼 = 𝑑𝑖𝑎𝑔(10,10), 𝛽 = 𝑑𝑖𝑎𝑔(3,3), 

𝑎 = 5, 𝑏 = 7, 

𝑘3 = 𝑑𝑖𝑎𝑔(5,5),𝑘4 = 𝑑𝑖𝑎𝑔(5,5) 

PPSMC 

𝜓0 = 0.3, 𝜓∞ = 0.002, 𝛿 = 0.8, 𝜇 = 10, 

𝑐 = 𝑑𝑖𝑎𝑔(100,100), 

𝑘5 = 𝑑𝑖𝑎𝑔(10,10), 𝑘6 = 𝑑𝑖𝑎𝑔(20,20) 

 

4.1. Tracking Performance for a Circular 
Trajectory 

 
The desired trajectory for the end-effector of the 2-
DoF robot is a circular path with a center at point 
(0.3, 0.3) and a radius of 0.1 𝑚, ω = 2π𝑓 with 𝑓 =
0.1 𝐻𝑧: 

{
𝑋𝑑 = 0.3 + 0.1 𝑐𝑜𝑠(𝜔𝑡)

𝑌𝑑 = 0.3 + 0.1 𝑠𝑖𝑛(𝜔𝑡)
 (66) 

The initial values of the system are selected as 
𝑞1(0) = π/3 𝑟𝑎𝑑; 𝑞2(0) = −π/3 𝑟𝑎𝑑; 𝑞1̇(0) = 0 𝑟𝑎𝑑/
𝑠; and 𝑞2̇(0) = 0 𝑟𝑎𝑑/𝑠. Therefore, the initial values of 
𝑋(0) and 𝑌(0) are 𝑋(0) = 0.45 𝑚 and 𝑌(0) = 0.26 𝑚, 
respectively. 

 

 
Figure 4: Trajectory of the end-effector 
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(a) Trajectory along the X-axis 

 
(b) Trajectory along the Y-axis 

Figure 5: Orbit of the end-effector along the axes 
 

 
(a) Position tracking error along the X-axis 

 
(b) Position tracking error along the Y-axis 

Figure 6: Position tracking error of the end-effector along the axes 
 

Figures 4, 5 and 6 show the trajectory of the end 
effector of the 2-DoF robot along the X- and Y-axes 
and the tracking error for each axis as it executes a 
circular path under the influence of three control 
algorithms, SMC, FTSMC and PPSMC. The end-effector 
follows the desired circular trajectory when starting 
at the initial point (𝑋0, 𝑌0) = (0.45, 0.26). 

The trajectory responses of the controllers closely 
follow the desired path. Upon closer examination, we 
observe that the FTSMC controller has the fastest 
response, reaching the desired trajectory more 
quickly than the others. The PPSMC follows it and 
then the SMC.  

However, the FTSMC response is overshooting, 
whereas the reactions of the PPSMC and SMC are 
more stable. 

Figures 7 and 8 show the angular trajectory's 
response and the angular trajectory's tracking error 
for the different controllers. 

The angular trajectories of all the controllers 
closely follow the desired trajectory. The angular 
response of the FTSMC controller is faster than that of 
the PPSMC and SMC controllers but is overshot. Upon 
closer inspection, it is evident that PPSMC achieves 
better convergence performance, staying within the 
predefined performance bounds. 
 

 
(a) The trajectory of 𝑞1 

 
(b) The trajectory of 𝑞2 

Figure 7: Trajectory of 𝑞 
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(a) Position tracking error of 𝑞1 

 
(b) Position tracking error of 𝑞2 

Figure 8: Position tracking error of the joint angles 
 

 
(a) Control signal 𝑢1 

 
(b) Control signal 𝑢2 

Figure 9: Control signal 
 

Figure 9 shows the control torque from three 
controllers for each joint of the 2-DoF robot. Even 
though the control torque applied to the joints is 
relatively high, the PPSMC provides smoother control 
torque without chattering in the control signals of the 
FTSMC and SMC controllers. 

Table 3 presents the root mean square error 
(RMSE) and maximum error for the trajectory 
tracking of the end-effector in the circular path. 
Among the three control methods, PPSMC has the 
best performance, with the lowest RMSE and 
maximum error in both Cartesian coordinates and 
joint angles.  

Specifically, PPSMC achieves an RMSE of 7.8 ×

10−4 𝑚 in the 𝑋-axis and 6.2 × 10−4 𝑚 in the 𝑌-axis, 

significantly outperforming FTSMC and SMC.  

The errors in the joint angles (𝑞1 and 𝑞2) also 

follow a similar trend, with PPSMC maintaining lower 

values than those of FTSMC and SMC. Overall, PPSMC 

demonstrates superior accuracy and robustness in 

tracking the circular trajectory, whilst FTSMC 

performs moderately well, and SMC shows the 

highest tracking errors among the three methods. 

 

 
Table 3. RMSE and maximum error 

 RMSE Max Error 

PPSMC FTSMC SMC PPSMC FTSMC SMC 

𝑋(𝑚) 7.8 × 10−4 2.8 × 10−3 6.2 × 10−3 5.0 × 10−2 5.0 × 10−2 5.0 × 10−2 

𝑌(𝑚) 6.2 × 10−4 2.3 × 10−3 4.8 × 10−3 4.0 × 10−2 4.0 × 10−2 4.0 × 10−2 

𝑞1(𝑟𝑎𝑑) 2.8 × 10−3 9.9 × 10−3 2.3 × 10−2 1.8 × 10−1 1.8 × 10−1 5.0 × 10−1 

𝑞2(𝑟𝑎𝑑) 2.0 × 10−3 6.1 × 10−3 1.6 × 10−2 1.8 × 10−1 1.8 × 10−1 5.0 × 10−1 
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4.2 Control Performance under External 
Disturbances 
 
In this subsection, the control performance of the 
system under external disturbances is evaluated. Two 
disturbances are applied to the system: one acting on 
link 1 (𝑞1) and the other on link 2 (𝑞2). The amplitude 
and frequency of the disturbances are shown in 
Figures 10a and 10b. These disturbances simulate 
external forces that may impact the tracking accuracy 
of the robotic in real-world scenarios. 
 

 
(a) Disturbance on link 1 (𝑞1) 

 
(b) Disturbance on link 2 (𝑞2) 

Figure 10: Disturbance 
 

Figure 11 presents the trajectory of the end-
effector whilst tracking a circular path under these 
disturbances. As shown in the figure, the proposed 
PPSMC maintains the closest trajectory to the 
reference, with minimal deviation, outperforming 
both FTSMC and SMC. Despite the disturbances, 
PPSMC demonstrates superior robustness, keeping 
the tracking error within the prescribed performance 
bounds. 

The RMSE values provide further evidence of the 
controller's effectiveness. For the X coordinate, 
PPSMC achieves an RMSE of 4.097 × 10−3 𝑚, which is 
lower than that of SMC (2.224 × 10−3 𝑚) but higher 
than that of FTSMC (1.296 × 10−3 𝑚). In the Y 
coordinate, PPSMC records an RMSE of 2.986 ×
10−3 𝑚, outperforming both SMC (1.808 × 10−3 𝑚) 
and FTSMC (1.107 × 10−3 𝑚). These results highlight 

the strong tracking performance of PPSMC, especially 
in the presence of disturbances. 

The RMSE, which quantifies the average 
magnitude of tracking errors, is a crucial metric for 
evaluating the precision of trajectory tracking. In 
industrial applications, where high accuracy and 
consistency are essential, achieving lower RMSE 
values directly translates to improved system 
reliability and performance. Our results demonstrate 
that the proposed PPSMC approach consistently 
achieves a lower RMSE than existing methods do, 
highlighting its effectiveness in ensuring precise 
trajectory tracking. 

 

 
Figure 11: Trajectory of the end-effector under 

disturbance 
 

 
(a) Position tracking error of 𝑞1 under disturbance 

 
(b) Position tracking error of 𝑞2 under disturbance 

Figure 12: Position tracking error of joint angles 
under disturbance 
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Figure 12 shows the tracking errors of the angular 
positions 𝑞1 and 𝑞2. The results show that PPSMC 
consistently achieves the lowest position tracking 
errors, staying within the upper and lower bounds. 
Compared with PPSMC, FTSMC achieves moderate 
performance but with greater errors, especially in the 
early stages of the trajectory.  
The SMC shows the largest tracking errors, indicating 
reduced performance under external disturbances. 

These results demonstrate that the proposed 
PPSMC method is highly effective in maintaining 
precise control and trajectory tracking even in the 
presence of external disturbances. By keeping the 
tracking error within predefined bounds, PPSMC 
ensures both robustness and accuracy, making it a 
suitable control strategy for robotic systems 
operating in uncertain environments. 
 

5. Conclusions 
 
This study has demonstrated the effectiveness of an 
advanced Sliding Mode Control method that 
integrates SMC with PPC for a 2-DOF robot. The 
proposed PPSMC method, developed via error 
transformation and a prescribed performance 
function, achieves precise tracking, ensures timely 
convergence, and maintains tracking errors within 
predefined performance boundaries. The analysis 
and simulation results indicate that the integration of 
PPC with SMC significantly outperforms both the 
standalone SMC and the FTSMC methods. By 
incorporating PPC, the limitations of SMC in 
guaranteeing consistent performance and 
convergence times have been effectively addressed, 
leading to enhanced overall system performance. 

Future work will focus on integrating various 
techniques with SMC to increase its robustness in the 
presence of actuator saturation, measurement noise, 
and potential singularity issues. Anti-windup 
techniques will be explored to mitigate the effects of 
actuator saturation, whereas noise filtering and 
estimation methods, such as Kalman filters and 
extended state observers, will be employed to 
improve measurement accuracy. Additionally, the 
design of nonsingular sliding surfaces, particularly in 
FTSMC and PPSMC, will be a key focus to prevent 
control input from becoming unbounded or 
undefined. Adaptive control strategies and robust 
control techniques will be further investigated to 
ensure that the control system maintains optimal 
performance under varying operating conditions and 
uncertainties without encountering singularities. 
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