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Abstract - Exoskeletons have become an essential issue in our life to help people whose arms are 
immobile due to a stroke, muscle weakness, and neuromuscular disorders. One of these devices is a 
human arm exoskeleton. In this study, an efficient human arm exoskeleton controller has been 
designed to achieve a fast and stable response. To implement this design, the mathematical model 
of a human arm including five degrees of freedom is developed using the Lagrange–Euler 
methodology to analyse five displacements: hand, forearm, horizontal elbow, vertical elbow, and 
elbow angular displacements. Then the human arm system is linearized at a certain operating point 
to obtain a linear representation of the nonlinear system. Eight-term exponential functions are 
introduced to generate the five desired arm displacement profiles while preserving the elbow 
torque limitation and achieving initial, final, and intermediate boundary conditions. The initial 
boundary conditions are evaluated using a selected impulse input while the arm moves from rest. 
The final boundary conditions are determined under zero input as the arm returns to rest. While 
the intermediate conditions are proposed to ensure that the system captures the steady state 
conditions. Then the reference elbow torque is computed analytically using the predefined 
reference displacement profiles. Numerical simulations with different initial conditions and system 
parameters using Monte Carlo simulation technique are adopted to confirm the presented 
algorithm. The results demonstrated a rapid response, with a settling time of less than 0.25 seconds 
and completely without overshoot, under 1000 trials of initial displacements and system 
parameters variations. 
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1. Introduction  
 
One of the most fundamental components in 
mechanical systems is the control unit, which 
regulates the behaviour of mechanical systems by 
comparing the actual values of the system with 
reference values and generating a control signal that 
is applied to the system to minimize the difference 
between the two values. The work is characterized 
as a musculoskeletal system with two-degrees of 
freedom, where a controller was implemented by 
integrating DRNN with (GA) and the (EP) [1].  It was 
noted that DRNN is the best way to direct the human 
arm motion. In [2], [3] presented a PID tuning 
method by (PSO) to improve the time response of 
the system. MATLAB is used with virtual reality tools 
as it is easy to manipulate 3D objects defined using 

VRML. This study designed and built a 4DOF robot 
[4]. The controller used was an AT Mega 16 and a 
path continuous controller (PIC). ANSYS was used to 
formulate the finite-state method to calculate the 
displacement of the components. Solid Works 
Motion was used to design articulated robotic arms 
and mechanisms [5]. A six-degree-of-freedom robot 
arm was designed and controlled [6]. MATLAB Sim 
Mechanics was used. Laser pins were used to sense 
the gripper position.  

The D-H. method and a PID controller were 
employed. The dynamics of a two-degree-of-freedom 
arm were modelled relying on the Lagrange-Euler 
method [7]. A PID controller was designed to control 
the robot arm to capture the desired joint angle by 
implementing and simulating the PID controller 
using MATLAB Simulink [8].  
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It was shown that even the minimal variation in the 
controller parameters leads to overshoot and 
increased fluctuations. On top of that, focused on the 
development of a two-degree-of-freedom PID 
control algorithm [9]. The traditional PID control 
method was improved to two degree of freedom PID 
control by introducing a fuzzy trapezoid. Likewise, a 
dynamic model of artificial muscles in an opposing 
pair organization for activating the elbow joint was 
presented [10]. The differential equations were 
solved using MATLAB using the Runge-Kutta 
method. In experimental assessments, the angular 
angles of the elbow joint were recorded, and the data 
were then analysed using MATLAB to determine the 
properties of the real system. A mechanical model of 
a robotic arm equipped with a pneumatic artificial 
muscle actuator for elbow therapy was studied [11]. 
The Lagrange-Euler method was used to 
demonstrate the robot dynamically with five degrees 
of freedom [12]. A PID controller was implemented 
using a PIDN pass filter, which improves control 
performance. A multi-jointed gravity-compensating 
exoskeleton was used for the arm. The range of 
motion in the joint space of four individual joints 
was assessed [13].  Similarly, an upper-limb 
exoskeleton was designed and developed for remote 
control of an industrial robot using an immersive 
environment [14]. A novel interactive technique 
based on hand gestures was introduced for 3D 
navigation in virtual environments. A seven-degree-
of-freedom control scheme was used to control the 
upper-limb exoskeleton. However, a device was 
designed to control a human finger [15]. The tendon 
was modelled and controlled instead of motors with 
three degrees of freedom. Simulink was utilized for 
simulation. The results demonstrated that ASMC 
outperformed CSMC in reducing vibration and 
responding quickly. A field study was conducted, in 
which 39 plasterers were fitted with an exoskeleton 
during six weeks [16]. The work showed that 65% of 
plasterers expressed interest in using it and were 
enthusiastic about its load-reducing effect. This is the 
first job to introduce exoskeletons to an objective 
population and monitor their use. A machine 
learning computational approach was presented to 
process 12 channels of myoelectric signals from the 
shoulder and upper extremity [17], [18]. The 
reliability of the three machine learning algorithms 
was computed and compared to determine the 
optimal algorithm. An experiment was designed to 
test different levels of anti-gravity support using a 
passive upper limb exoskeleton, and its effects on 
electromagnetic signals were determined [18]. 
Average muscle activity was calculated over full and 
sub-cycles. Results showed that using the 
exoskeleton resulted in reduced electromagnetic 
activity across all muscles as opposed to the 

condition in which the exoskeleton system was not 
adopted.  

The results showed that peak and mean levels of 
joint activation decreased linearly with increasing 
anti-gravity support provided by the upper limb 
exoskeleton [19]. In this study, a model of a 
prosthetic arm with five-degrees of freedom was 
examined. The Lagrange-Euler method was 
employed to derive the governing equations, and the 
model's analytical solution was obtained using 
MATLAB to analyse its dynamic behaviour and 
confirm the mathematical model. A PD controller 
was implemented to find the optimal torque needed 
for the motor to enable swift and stable movement of 
the arm. Additionally, Monte Carlo simulations were 
performed to assess the system's sensitivity to 
random parameter variations and to evaluate its 
performance across different operational scenarios. 

Analytical control methodologies are a modern 
approach widely used in many engineering fields, 
including mechanical, electrical, and biomedical 
engineering due to the simplicity and non-
singularity. In mechanical and electrical applications, 
[20 -25], utilized analytical functions to create the 
state references and compute the control command 
that used to equilibrate the system while pursuing 
the reference trajectories. While in biomedical 
applications, [26], [27] and [28], employed Fourier 
series function, second-order polynomial function, 
and seven-term exponential function to evaluate hip 
torque, antibiotic and, human knee torque, 
respectively. All of the analytical approaches 
successfully ensured the stability in a short time and 
with less overshot.  

In this work, a human arm exoskeleton system is 
employed to rehabilitate a human arm. Firstly, the 
human arm model is derived using the Lagrange–
Euler method. Secondly, the model is linearized at a 
certain operating point to obtain a linear 
representation of the nonlinear system. Then, Eight-
term exponential functions are utilized to shape the 
reference system profiles while adhering to initial, 
final, and intermediate boundary conditions and 
ensuring the elbow torque does not exceed the 
maximum limit. In the end, the elbow torque is used 
to steer the human arm exoskeleton while including 
a wide range of initial displacements and system 
parameters.   
 

2. Modeling Dynamic System 
 
The human arm is modelled in Figure (1) as mass - 
damper- spring system which characterized by five 
degrees of freedom to describe the coordinates: z1, 

z2, z3, y1, θ. The angle   denotes the nominal point of 

the upper arm, where vibrations will be studied 
around this certain position. 
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Figure 1: Human Arm System [29] 

 
where z1, z2, z3, y1, and θ  signify the hand, forearm, 
horizontal elbow, vertical elbow, and elbow angular 
displacements, respectively.  

The  denotes the external displacement that 

directly drives the hand segment. In addition, T 
represents the external elbow torque required to 
steer the human arm.  

Table (1) lists the nominal human arm parameters 
[30]. These parameters were computed based on a 
Lagrangian multipliers methodology while 
maintaining fast convergence and minimal 
overshoot. The torsional stiffness in the shoulder 
joint is neglected due to its minor effect on the arm 
response. 

 
Table 1. Nominal human arm parameters 

Parameter Value Definition 

m1 0.4224 kg Effective mass of the hand 

m2 1.1959 kg Effective mass of the forearm segment 

m3 1.8074 kg Mass of the upper arm 

J 0.0149 kg.m2 Rotational inertia of the elbow joint system 

k1 
2.7517(104) 
N/m 

Spring stiffness between ground and mass m1 

k2 4.9795(104) N/m Spring stiffness between m1 and m2 

k3 2.6602(105) N/m Spring stiffness between m2 and m3 

k4 7.9757(103) N/m 
Horizontal spring stiffness between trunk and 
point z4 

k4 2.3470(104) N/m 
Vertical spring stiffness between trunk and point 
y2 

kt 5.2740(103) N/m Torsional spring stiffness of the elbow 

c1 7.8376  N.s /m Damper coefficient between ground and mass m1 

c2 117.8178 N.s /m Damper coefficient between m1 and m2 

c3 775.9501  N.s /m Damper coefficient between m2 and m3 

c4 418.0506 N.s /m Horizontal damper between trunk and point z4 

c5 663.0399  N.s /m 
Vertical damper coefficient between trunk and 
point y2 

ct 
80.4027  
N.s /m 

Torsional damper coefficient of the elbow 

 10 deg Nominal position of the upper arm 

L 0.29 m Upper arm length 

Lg 0.44 L m Distance from the elbow to the upper arm  

 
In the proposed system, there are three types of 

energy, consisting of kinetic energy, potential 
energy, and dissipated energy lost due to friction. 
The arm system produces kinetic energy owing to 
the movement of all arm segments. Thus, the total 
kinetic energy can be derived as presented below: 
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(1) 

The kinetic energy of the first two segments of 

the arm (hand and forearm) is produced during the 
horizontal motion, meanwhile the kinetic energy of 
the elbow joint is generated by horizontal and 

vertical motions as well as angular motion. 
The potential energy represents the second 

source of energy which mainly depends on the effect 
of elastic and gravity forces. As illustrated in Fig.1, 
there are five elastic forces correspond to five 

mechanical springs and one gravity force arising 
from the elbow position with respect to the 

reference point. As a result, the overall potential 
energy is considered as: 
 

T 
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(2) 

Continuously, the arm muscles have the ability to 
resist movement, which enables them to absorb 
energy and reduce oscillations.  In the proposed  
system, energy is likely lost as a result of friction at 
the elbow joint; accordingly, the dissipated total 
energy might be represented as follows: 
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(3) 

As any mechanical engineering system, the 

human arm model undergoes the theory of 

conservation of energy.  

The Euler-Lagrange method is selected here to 

describe the motion, taking into account the 

influence of kinetic, potential, and dissipated 

energies as illustrated in (Eq.4). 
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(4) 

 
where q and i denote a system variable and number 

of degrees of freedom in the system, respectively. 

Applying the Euler-Lagrange method to determine 

the governing equations of motion.  

Thus, the five-nonlinear equations of motion can 

be determined like so: 
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In order to simplify the problem, the human arm 
system is linearized at a certain operating point to 
obtain a linear representation of the nonlinear 
system.  

The linear model can be formulated as shown 
below: 
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The arm equations can be formulated as a matrix 
representation where the mass, damping, and 
stiffness matrices are included as shown in Equation 7. 
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The initial and final states occur under static 

conditions where the arm is at a stable state. The 
initial displacements of the system can be 
determined by solving Equation 7, considering that 
both the velocity and acceleration are zero, and that 
no torque is applied at the elbow joint while 
applying a certain external displacement. The initial 
displacements can be computed using Eq. 8: 
 

1 2 2

2 2 3 3

3 3 4 4

5 5

2

4

2

2

2

4

4 50 2

2

1

2

1

3

3

0 0 0

0 0

0 0

0 0 0

0 0

t

g

k k k

k k k k

k k k k Lsin

k k Lcos

k k L

cos

sin

k L
k Lsin k Lcos

cos

sin

m

z

z

gL

z

sin

y











 






 
 
 − 

 
 
 −

+ −

− + −

− + −

   +
  
  
   =
  
  
+   −   
 
 
 
 
 
 




−


















1

˙

1 0 1 0

4

3 5

2 2

4 5 3

0

t g

c z k z

k Lsin

m g k Lsin

k k L sin cos k L sin cos m gL cos





     

−




 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
+ 

 
 

 − 
 − −
 
 − + − − 







 

 
 
 
 
 
 
(8) 

 



Control of a Human Arm Exoskeleton using an Analytical Approach under Different Initial Conditions and System 
Parameters 

 

 

International Journal of Mechatronics and Applied Mechanics, 2025, Issue 22, Vol. I 72 

In the same manner, the final displacements of the 
human arm can be determined under the same 
assumptions as the initial displacements, without 
considering the effect of external displacement. The 
final displacements can be computed using Eq. (9)     
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3. Analytical Controller Methodology   
 
After deriving the model of the human arm, 
linearizing the nonlinear equations of motion at a 
specific operating point, and representing the model 
in matrix form [M, C, K, F], it becomes possible to 
design the elbow torque required to guide the 
human arm exoskeleton toward the desired steady 
state in a smooth manner. To carry this out, an 
analytical controller has been utilized to direct the 
exoskeleton following the desired reference 
trajectories. The reference trajectories of the 
system’s displacements are shaped using five eight-
term exponential functions, with one function 
designated for each displacement. This function is 
selected because it can produce smooth reference 
profile with no oscillations. Hence, the reference 
hand, forearm, horizontal elbow, vertical elbow, and 
elbow angular displacements, can be expressed in 
Eqs. (10,11,12, 13, and 14), respectively. 
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Since each of Eqs. (10-14) consists of eight 
coefficients, eight boundary conditions must be 
imposed to solve for these coefficients. To perform 
this task, the initial, final, and intermediate 
displacements and velocities are used to generate 
the system’s references while ensuring a fast 
response with no overshoot. For the hand segment, 
four pairs of displacement: (0, z10), (0.35, z1f), and 
(0.65, z1f), and four pairs of velocities: (0,z ̇_10 
),(1,z ̇_1f ),(0.35,z ̇_1f ),and (0.65,z ̇_1f) are 
significantly required at the initial, final, and 
intermediate states to compute the eight hand 
coefficients (A1, A2, A3, A4, A5, A6, A7, and A8). The 
hand displacement is considered as a representative 
case, and the other system displacements follow the 
same process to find the rest coefficients (Bn, Cn, Dn, 
En). Once computing the system’s coefficients that 
define Eqs. (10-14), the first time derivative of Eqs. 
(10-14), and the second time derivative of Eqs. (10-
14), it becomes straightforward to find the system’s 
reference states and reference input. It is important 
to solve Eq. (7) in term of the elbow torque to obtain 
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Thus, substitute Eqs. (10-14) and the first- and 
second-time derivatives of Eqs. (10-14) into Eq. (15) 
to determine the time independent of the reference 
elbow torque required by the patient to achieve the 
desired movement 
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Figures (2-a)- (2f) display the reference hand 
displacement, forearm displacement, horizontal 
elbow displacement, vertical elbow displacement, 
elbow angular displacement, and elbow torque vs. 
time, respectively, under the nominal conditions for 
three excited displacements of (z0 =5 cm, z0 =15 cm, 
and z0 =25 cm). The findings demonstrate that an 
increase in the excited displacement causes higher 
initial magnitudes of all the states due to a higher 
stored energy. Furthermore, the reference profiles 
indicate that the analytical controller is reliable and 
the reference displacements profiles can be easily 
followed to capture the desired steady states even 
under varying initial displacements and system 
parameters, as will be discussed in the section that 
follows.    

 
(a) 

 

 
(c) 

 

 

 
Figure 2: Reference displacements and elbow torque 

versus time under nominal conditions for three excited 
displacements; (a) hand displacement versus time; (b) 

forearm displacement versus. time; (c) horizontal 
elbow displacement versus time;(d) vertical elbow 

displacement versus time; (e) elbow angular 
displacement versus time; (f) elbow torque versus time 
 

4. Numerical Simulation 
 
The primary aim of arm exoskeleton algorithms is to 
direct the human arm to reach the steady state point 
in a short time while including the system input 
constraints. Usually, these procedures rely on two 
principles: producing a planned trajectory, then, a 
linear or nonlinear control approach is developed to 
follow the predefined reference trajectory.  

(e) 

(d) 

(f) 

(b) 
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In this work, in a completely different manner, the 
proposed controller can accurately steer the human 
arm effortlessly without requiring any feedback 
command. Consequently, in order to evaluate the 
effectiveness of the presented methodology, the arm 
exoskeleton system is numerically modeled within 
nominal conditions. In brief, Eq. (16) is the required 
elbow torque that will be used in Eq. (7) to follow 
the reference hand, forearm, horizontal elbow, 
vertical elbow, and elbow angular displacements 
characterized by Eqs. (10), (11), (12), (13) and (14), 
respectively.  

Figures 3(a)-3(e), show the reference hand, 
forearm, horizontal elbow, vertical elbow, and elbow 
angular profiles vs. time, respectively under three 
different initial displacement 5cm, 15 cm, and 25 cm. 
With the application of the proposed analytical 
controller, Figs. (3b) and (3c) indicate that the 
exoskeleton system is highly capable of tracking the 
reference displacements. While Figs. (3a), (3d) and 
(3e) observe a well-suited agreement at steady state 
phase with minor discrepancies at the start due to 
the stronger nonlinearity of the elbow angle. On the 
whole, the presented results denote the capability of 
the analytical control to guide the exoskeleton arm 
swiftly within 0.35 sec without necessitating any 
additional feedback elbow torque. 

 

 

 

 

 
Figure 3 Reference and simulation displacements 

versus time under nominal conditions for three excited 
displacements; (a) hand displacement versus time; (b) 

forearm displacement versus. time; (c) horizontal 
elbow displacement versus time;(d) vertical elbow 

displacement versus time; (e) elbow angular 
displacement versus time 

 

5. Monte Carlo Simulation 
 
A Monte-Carlo approach is a procedure that exhibits 
variations in dynamic variables with precision [30] 
to [34]. With the use of this strategy, random 
variables are utilized per every path, depending on 
range of analyses.  

 

(a) 

(b) 

(c) 

(d) 
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To test the effeteness of the proposed algorithm, 

the statistics outcomes like the standard deviation, 

the minimum and maxim error, and mean value are 

recorded and the operation is occurred repeatedly 

with various income conditions.  

In the introduced approach and in order to 

encompass a wide range of patient parameters, the 

Monte Carlo simulation method is conducted 

considering 1000 patients with variations in hand, 

forearm, and upper-arm masses, segment lengths, 

arm stiffness, and damping coefficients. These 

dispersions are modelled as random variations, with 

((_-+)6%) added relative to the nominal conditions 

of each parameter to consider whether the 

rehabilitated arm belongs to a man, a woman, or a 

child. 

Figures 4(a)-6(e), show histories of hand, 

forearm, horizontal elbow, vertical elbow, and elbow 

angular displacements errors and histories of the 

required elbow torque vs. time, respectively, for 

1000 patients.  

Figures 4(a) - 4(e) show that all the simulated 

displacements errors exhibit a fast decay during the 

first 0.25 sec and then the errors converge 

seamlessly to zero with no overshoot throughout the 

rest of simulation. Finally, Figure (4f) shows the 

elbow torque profiles remain below the maximum 

permissible value (< 60 N.m), which reveals that the 

arm exoskeleton may reach the desired steady state 

with no chance of system damage. 

Figures 5(a)-5(f) show the statistical results of 

the hand displacement, forearm displacement, 

horizontal elbow displacement, vertical elbow 

displacement, and elbow angular displacement, and 

elbow torque errors, respectively, at the final 

position. It is observed from Fig. 5 that the final 

errors exhibit very small values despite a broad 

range of dispersions in the initial conditions and 

system parameters.   
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Figure 4. 1000 Human arm exoskeleton’s histories 
versus time using analytical controller; (a) hand 

displacement error versus time; (b) forearm 
displacement error versus time; (c) horizontal elbow 

displacement error versus time;(d) vertical elbow 
displacement error versus time; (e) elbow angular 

displacement error versus time; (f) elbow torque error 
versus time. 

 

 

 

 

 

 
Figure 5 Statistics errors for the final system’s states 

and input; (a) final hand displacement error; (b) final 
forearm displacement error; (c) final horizontal elbow 

displacement error ;(d) final vertical elbow 
displacement error; (e) final elbow angular 

displacement error; (f) final elbow torque error. 
 

6. Conclusions 
 
A new analytical strategy for the human arm 
exoskeleton has been introduced. The proposed 
controller was developed by means of the Eight-term 
exponential functions to describe the references of 
the system displacements. Considering the excited 
displacement, initial, final, and intermediate 
boundary conditions, the Eight-term analytical 
functions were solved in a linear manner to obtain 
the analytical elbow torque required to guide the 
arm exoskeleton from the starting state to the (c) 

(a) 

(b) 

(f) (d) 

(e) 

(f) 
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required steady state. Numerical simulations with 
different initial conditions and system parameters 
were implemented to confirm the presented 
algorithm. A wide range of dispersions of hand, 
forearm, and upper-arm masses, segment lengths, 
arm stiffness, and damping coefficients with ((_-
^+)6%) added to the nominal conditions have been 
conducted. The results revealed rapid convergence, 
ensuring steady state within 0.25 sec and zero 
overshoot in both system displacements and elbow 
torque without requiring any further feedback elbow 
torque. In addition, the statistical results illustrated 
that the steady-state errors remained very small 
with a maximum error of (4×10−3) deg in the elbow 
angle, a minimum error of (−1×10−5) m in the 
vertical elbow displacement, and a minimum elbow 
toque error as small as (-0.4) N.m even across 1000 
patients.   
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