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Abstract - The efficient exploitation of production inventory systems is of significant importance in 
the modern industrial reality. This paper explores the effect of such a system on dynamic behaviour 
of a system when the control is provided synergistically by a method called synergetic control (SC). 
The mathematical model of the system is first constructed and SC introduced to improve the 
responsiveness of the system when the time-varying demand condition is taken into account. To 
cope with the problem of unavailability of the systems' state signals and to estimate the demand, 
the extended state observer (ESO) is introduced. Moreover, mountain gazelle optimizer (MGO) is 
employed to tune the adjustable design parameters of the SC and the ESO based on the integral of 
absolute error (IAE). The enhanced ability of the extended state observer (ESO) to provide an 
estimate of the system states and profiles of the demand can be verified by numerical simulations 
utilizing in MATLAB software. Moreover, the performance of the proposed ESO-SC is compared 
with the proportional-integral-derivative (PID) controller. These results demonstrate that the ESO-
SC achieves superior performance enhancement, particularly through a significant reduction in 
inventory costs. 
  
Keywords: Production-inventory system, Synergetic control, Extended state observer, Mountain 
gazelle optimizer, Proportional-integral-derivative controller. 

1. Introduction  
  
The increasingly of the complexity of the business 
process has put a lot of pressure on the decision-
maker to understand the dynamics of the supply 
chain. The supply chains have taken a global 
presence, even in the case of a seemingly simple 
product. The chain in the automotive manufacturing 
industry holds a large percentage of corporate value; 
therefore, the needs to shield the chain against small 
disruptions in the delivery time, and at the same 
time perform optimally, is paramount [1]. The 
supply chain is a coordinated process and involves 
the suppliers, production plants, warehouses, and 
manufacturers that work in liaison to acquire 
unprocessed raw materials, convert them into 
finished products, and distribute the finished 
products to the final consumer. In this context, 
production-inventory control systems are also 
planned to ensure that raw material inventories, 

work-in-process, and finished goods are maintained 
at the highest capabilities of giving maximum service 
with the least cost [2]. This objective can be ensured 
by optimizing the movement of information and 
goods between manufacturing and retailers within 
the business process [3]. In addition, increased 
competition in the business environment has 
encouraged production-inventory managers to seek 
for areas to improve firm profitability [4]. One way 
to reduce costs and to increase profitability is to 
reduce inventory levels as much as possible [5]. Due 
to uncertainties in the demand and the 
manufacturing environment, it is usually difficult for 
manufacturing companies to control production-
inventory systems and achieve sustained cost-
effective strategies. 

Production-inventory problems have been 
successfully studied by control engineering practices 
over decades as an alternative way to model and 
control the performance of the system [6]-[7]. It was 
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found that these models adequately represent the 
industrial behaviour and can be directly used by the 
managers to determine the required order rates in 
the face of the fluctuated market demand. Variety of 
studies and approaches of control theory that are 
applied to production-inventory problems could be 
found in [8]-[11]. For example, Towill [12] 
investigated the ability of the proportional controller 
to improve the performance of the production-
inventory system. Later, Jonn et al. [13] and AL-
Khazraji et al. [14] extended Towill's work by adding 
other feedback information to the system. Towill et 
al. [15] showed that the Proportional plus Integral 
(PI) controller could eliminate the inventory deficit 
in the production-inventory system. Tosetti et al. 
[16] and White and Censlive [17] implemented the 
Proportional-Integral-Derivative (PID) controller. 
Sarir and Abderhmane [18] proposed a PID 
controller which has increased fuzzy logic and the 
gains are mechanically fine-tuned through ant colony 
optimization (ACO), using the ISE. Al-Khazraji [19] 
studied the effect of an optimal integral-minus-
proportional-derivative (I-PD) controller on the 
dynamic behaviour of the production-inventory 
system. Cuckoo Search Optimization (CSO) and an 
improved version of CSO (ICSO) were two swarm-
based optimization strategies that have been used to 
optimize the adjustable parameters of the I-PD 
controller. Two simulation scenarios were 
implemented, one step change in unit step demand 
and the other stochastic demand. As shown in the 
results of the simulations, the IC-SOC approach 
performed better than the traditional CSO method in 
the process of tuning of the I-PD controller. 

Synergetic control (SC) theory [20] offers a 
systematic and powerful framework for controller 
synthesis, enabling effective regulation and 
stabilization of a wide range of dynamical systems 
such as position tracking control of the magnetic 
levitation system [21], controlling the wind turbine 
system [22], improving the performance of overhead 
crane system [23], induction motor speed control 
[24]. Motivated by the aforementioned works, this 
paper presents a SC method for enhancing 
production–inventory responsiveness under 
bounded time-varying demand. SC is a model-based 
control method and the states of the system are 
required to generate the control law. In many control 
systems, not all the relevant system states directly 
can be measured. SC is therefore impossible without 
auxiliary ways of estimation. The challenge is solved 
by using observers [25]-[26], which make it possible 
to estimate a state fully using single output 
measurements. Besides, production- inventory 
system is vulnerable to time-varying demand; to 
cope with these difficulties, an extended state 
observer (ESO) has been presented which can 
estimate both the state vector and the demand 
trajectory. The use of meta-heuristic optimization 
algorithms in modern research is often based on the 

need to establish parameters of the controllers and 
observers as they have better performance during 
the process of establishing the parameters, 
compared to the main ad hoc tuning processes [27]-
[29]. In this regard, the Mountain Gazelle Optimizer 
(MGO) is invited to solve the parameter-selection 
problem in this research. It nature-inspired 
metaheuristic algorithm and used to solve complex 
optimization problems with an effective balance of 
exploration and exploitation [30]. 

This paper has made the following key 
contributions: 

1. The production inventory system is subjected 
to a time varying demand environment and a 
synergetic-control-based approach is used. 

2. A long state observer is developed to give the 
exact estimation of the system states and the time 
depending demand. 

3. The effectiveness of the suggested observer-
controller couple is also improved with the help of 
using Mountain Gazelle Optimizer. 

4. The performance of the proposed approach is 
compared with the performance of the PID 
controller. 
  

2. Methodology 
 

The basic aim of the production-inventory system 
controller implemented is to keep the inventory at a 
set level through controlling the order rate [31]. 
Therefore, the methodology to address the objective 
of this paper is as follows: the mathematical model of 
production-inventory system is derived. The next 
step is to design the action law of the synergetic 
control (SC) to achieve the desired inventory 
response. To estimate systems' state signals and the 
time-varying demand, in the third stage, the 
extended state observer (ESO) is developed. The 
mountain gazelle optimizer (MGO) is employed in 
the fourth stage to tune the adjustable design 
parameters of the SC and the ESO based on the 
Integral of Absolute Error (IAE).  

 

2.1. Production-Inventory System 
 
A production-inventory system is an essential 

unit in the supply chain that combines orders 
decision, production process and the inventory. It is 
assumed that the demand rate for the product is 

bounded time-varying demand. The state variable  

measures the level of the inventory. The state 
variable refers to the production rate. If the 

production of the product is completed then it is 
dispatched to inventory and/or sale to customer to 
fulfilment the demand. These operational actions are 
best represented by using an exponential transfer 
function. On other words, the process of production 
is modelled as a first-order lag with a time constant 
of . The time constant of the production process 
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refers to the time required between receiving an 
order and delivering the item as a finished product 
[32]. The order rate is the control input to the 

system. Production-inventory systems can be 
expressed as either continuous-time or discrete-time 
system. As an example, it is possible to compare 
continuous-review production rate and inventory 
information with periodic review schemes [33]. 
Based on this, here the current model takes the form 
of continuous-time. The system governing equations 
are written in the form [19]: 

                                                                   (1) 

                                                          (2) 

 

2.2. Synergetic Control 
 
SC is a feedback control technique that can be 

applied to various dynamical systems to improve the 
performance of the system. It can be best described 
as a control methodology that enforces desired 
system behaviour by forcing the system dynamics to 
move onto a predefined invariant manifold, called 
the synergetic manifold, and keeping them there 
through continuous control action [34]. Let’s define e 
as the error between the actual and the desired 
inventory level as: 

                                                                   (3) 

Taking the derivative of the error gives: 

                                                                      (4) 

By substituting Eq. (1) in Eq. (4) gets: 

                                                            (5)                                 

Taking the second derivative of the error gives: 

                                                             (6) 

Substitute Eq. (2) in Eq. (6) obtains: 

                                          (7) 

Define a macro-variable   as: 

                                                                 (8) 

Taking the derivative of the macro-variable ψ 
gives: 

                                                                (9) 

Substitute Eq. (6) in Eq. (8) obtains: 

                           (10) 

The desired dynamic evolution of the macro-
variable is chosen as [35]: 

                                                             (11) 

Substituting Eq. (10) in Eq. (11) gives: 

              (12) 

Select  as follows: 

                    (13) 

where  and  are positive constant represents the 

design coefficients for the SC. 
 

2.3. Extended State Observer 
 
In this sub section, an elaborate design of an 

extended state observer (ESO) of the production-
inventory control system is given. The core of the 
design principle implies the extension of system 
model in such a way that disturbances and the 
uncertainties are considered to be part of an 
extended state [36]. The mathematical model 
obtained above Eqs, mutually adjusted to yield the 
desired outcome, must be implemented in order to 
implement the ESO. The utilization of (1) and (2) is 
supplemented by the third state , as follows: 

                                                              (14) 

                                                       (15) 

                                                                        (16) 

The ESO can be therefore synthesized as given in 
[37]: 

                                    (17) 

                             (18) 

                                                      (19) 

In this case, the observer declares that the true 
system states,   and , will be estimated by the 

observer state,  and  , respectively; the observer 

state,   will estimate the time-varying demand. The 

design coefficients of the ESO are represented by 
positive constants , , and .  

 

2.4. Mountain Gazelle Optimizer 
 
The Mountain Gazelle Optimization (MGO) 

algorithm is based on the behavioural ecology of the 
mountain gazelles in their usual environment. These 
are Arabian Peninsula-endemic ungulates, which are 
highly territorial as the ecological niche on Robinin 
species, which causes a geometric separation 
between individuals. They are furthered into three 
different social strata, namely parental-offspring-
territories, juvenile-male-territories, and single-
male-territories [38]. MGO optimization framework 
integrates the five main mechanisms namely, the 
non-grouping dynamics, staghorn male aggregations, 
maternity group interactions, zone marking of males, 
and migratory cycles necessitating foraging needs 
[39].  
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2.4.1. Migration Process 
 
The subject of territorial and reproductive 

competition in mountain gazelles is outlined. Every 
person is in a separate and secluded place. The male 
juveniles strive towards marking out female-bearing 
territories and they simultaneously protect their 
territories. This interaction can be mathematically 
formalized as in Eq.s (20) - (24) [40]: 

    (20) 

  (21) 

                                           (22) 

       (23) 

                                                  (24) 

In which, the terms  and  and  indicate 

random variables in sampling, and  represents a 

coefficient vector declared at each step,  

represents a random variable in the species , and 

 indicates the average of the population of 

agents. This is a number of agents, .  and  are 

uniformly distributed random numbers between 0 
and 1, and  value of the base distribution is 

picked randomly by a random distribution between 
two values, it and . , , and  are random 

numbers in the natural space or discrete space and 
denote issue sizes. 
 
2.4.2. Maternity Groups 

 
In this section, gives emphasis on the presence of 

maternity groups in the life cycle of mountain 
gazelles with the need to eliminate competition 
among prevailing stags. These are the mathematical 
representations presented in Eq. (25): 

  (25) 

In the equation (25), the representation of the 
position of an agent that is randomly selected among 
the whole population is denoted as  ,  and 

are non integer random variables, and continuous 

random variables, respectively. 
 
2.4.3. Stag Male Groups 

 
This section looks at the power politics between 

young men and adult men where the latter desire to 
establish territorial and procreation rights over the 
female. These practices are fixed in Eq.s (26)-(27) 
[41]: 

   (26) 

                           (27) 

In equations, (26) - (27), the variables  and  

are selected at random, as integers randomly chosen 
1 or 2 and that is all. The agent positions at the time 
of iteration  and the corresponding random value 

are denoted by  and , respectively. 

 
2.4.4 Migration Process 

 
This section describes the locomotor mastery of 

the gazelles whereby it was observed that they cover 
long distances in their quest to forage. The 
mathematical formulation of the same is described in 
the Eq. (28): 

                                      (28) 

where  and  are the upper and lower limits. 

 

3. Computer Simulation Results 
 

In this section, the effectiveness of the proposed 
extended state observer (ESO) in estimating the 
actual states and the time-varying demand of the 
system and designing the SC for controlling the 
inventory level is evaluated. For this purpose, the 
computer-simulation based on MATLAB-program 
has been conducted. MATLAB is an efficient tool that 
can be used to design and simulate different control 
algorithms. The equations of the production-
inventory system that are given in Eq. (1) and Eq. (2) 
have been coded to capture the dynamic of the 
system. The time constant of of the system is one 

day. The duration simulation time is 120 days. In 
order to test the proposed control scheme on the 
realistic demand scenarios, demand is simulated 
based on a stationary, identically and independently 
distributed random process. The model of 
production-inventory that is used is linear, which 
means that the unmet demand can be back-order; 
thus, negative values of the inventory levels are 
synonymous with back-order quantity. Besides, 
there is no limitation in the production capacity. 
Lastly, a negative order rate is not allowed.  

One of the most important issues in a successful 
design of an algorithm of production-inventory 
control is to choose a proper evaluation measure 
that controls system efficiency, customer value 
delivery, and allocation to project organizational 
objectives. In the context of the control theory, many 
of time domain performance measures are used. In 
this paper the integral of absolute error (IAE) is used 
as a quantitative error measure to determine the 
effectiveness of the proposed control algorithm. 
Therefore, the adjusted design parameters of the 
ESO-SC that is applied to regulate the inventory level 
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is computed by MGO using IAE as an objective 
function as given in Eq. (29). 

                                                           (30) 

We use  to refer to the simulating time, and e to 

refer to the error between the real inventory and the 
target inventory. The Integrated Absolute Error 
(IAE) measure corrects both positive errors and 
negative errors incurred in an evenhanded manner 
that suggests that the cost incurred by having an 
excess inventory (holding cost) and the cost incurred 
by having less inventory (backorder cost) is 
penalized equally. The minimum IAE means the 
system has a better inventory level responsiveness, 
in other words, has less inventory cost. To achieve 
the target level of inventory, which is endorsed as 
zero in the current research, it is necessary to aim at 
enforcing the Just-in-Time (JIT) strategy. 

The first case is the simulation of an open-loop 
test in order to estimate the system conditions and 
temporal demand profile. The initial value of the 
states of the system (x1 and x2) was set to (0 and 0) 
respectively. Based on the MGO, the parameters of 
ESO were obtained as follows: ,   

and . It can be seen form Fig. 1 and Fig. 2 

that the ESO is successfully estimating all states of 
the system and the demand. Fig. 3 and Fig. 4 show 
the estimation error of x1, x2 and d.  
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Figure 2: The performance of ESO to estimate demand 
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Figure 3: Estimate error of x1 and x2 

 
In the next case, a controlled mechanism based 

on the ESO-SC is applied to manage inventory during 
time-dependent demand. The outcomes of the ESO-
SC will be compared with classical PID control. Based 
on the MGO, the tuneable parameter of the SC is 
obtained as follows:  and , and for the 

PID is obtained as follows:  and 

. The simulation result for the inventory level 

and the production rates of the two controlled 
systems is shown in Fig. 5. Fig. 5 indicates that the 
proposed ESO-SC has better regulating performance 
to keep the inventory level close to zero than the PID 
controller.  
 

0 20 40 60 80 100 120
-4

-2

0

2

4

6

8

10

12

14

Days

U
n
it
s

 

 

Demand Estimated Error

 

Figure 4: Estimate error of demand 
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Figure 5: Production-inventory response based on 

ESO-SC and PID  
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To ensure the effectiveness of the proposed 
control algorithm, another simulation is conducted 
for different a stationary, identically and 
independently distributed random demand. On this 
simulation, the same tuneable parameter of the ESO-
SC and for the PID controller is used. Fig. 6 and Fig. 7 
show the estimating of the states of the system and 
the demand. Fig. 8 and Fig. 9 show the estimation 
error of x1, x2 and d. The simulation result for the 
inventory level and the production rates of the two 
controlled systems is shown in Fig. 10. 

The two scenarios of the computer simulations 
reveal that the ESO can accurately estimate the 
states and the unknown demand. Moreover, the ESO-
SC can achieve good regulation for the inventory 
control.  
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Figure 7: The performance of ESO to estimate demand 
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Figure 8: Estimate error of x1 and x2 
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Figure 9: Estimate error of demand 
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Figure 10: Production-inventory response based on 

ESO-SC and PID  

 

4. Conclusion 
 

One of the critical units of the optimized supply 
chain networks is production-inventory systems. 
This paper presents a robust and effective inventory 
management system. The primary challenges are the 
uncertainty associated with time-dependent 
demand, which necessitates a robust and consistent 
control policy. In this regard, a new methodology 
consisting of combining an extended state observer 
and synergetic control is suggested to maintain the 
level of inventory at the desired level. The Mountain 
Gazelle Optimizer is used in the tuning of the 
observer-controller design parameters. The obtained 
control scheme is simulated and evaluated using 
MATLAB, the findings of which show that the 
controller provides correct control of inventory 
levels in the presence of demand uncertainty. The 
effectiveness of the suggested strategy is also 
supported by the comparison of simulations with a 
PID controller. However, more research is also 
necessary to cover gaps in production lead times as 
well as the handling of perishable products. 
Moreover, this work also could be extended to 
incorporate production capacity in the model. 
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