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Abstract - This paper presents a damped dynamic absorber system with an optimal design. In
order to build the dynamic absorber for improved performance, the principles of negative stiffness
and mass are introduced and discussed in depth together with their physical justification. To meet
optimization constraints and acquire the best values for design parameters, the harmonic analysis
is examined and the harmonic response for an external excitation is analytically determined. The
optimal damping ratios and frequency ratios for six mass ratios scenarios are simultaneously
determined. The findings indicate that damping ratios are crucial variables, even for minor
uncertainties. The nonlinear harmonic response was altered by dampening. The best values for
ideal damping ratios and ratio of frequency must be carefully chosen because they are not
independent. Zero response is achieved for the amplitude response when (< 0.25). The frequency
ratio affects the response only in the range of (0.5< <1.5).
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1. Introduction

Dynamic Vibration Absorbers (DVA) are one of the
most widely used devices as vibration control
devices due to their efficiency, dependability, and
affordability, as Frahm [1][2] developed the first
DVA without damping in 1909. A spring and mass
are traditionally attached to a vibrating body that
vibrates harmonically or in a narrowband frequency
range as an undamped DVA. Numerous works on
optimization design [3-7] and vibration absorber
tuning [8]-[12] have been done. Some of the above
researches are basically based on positive springs
effect. Another concept introduced is the negative
stiffness, which denotes the reversal of the
relationship  between  external force and
displacement in deformed objects. The works in
[13]- [19] reported on the characteristics and
stability requirements of the negative stiffness
system. Al-Shudeifat and Butcher [20] developed a
comprehensive nonlinear analytical model to
accurately represent absorber behavior under large-

amplitude excitations, emphasizing the importance
of advanced modeling approaches in specific
operating regimes. In industrial and manufacturing
engineering, vibrations generated by heavy
machinery, generators, and diesel engines can
threaten structural integrity, especially when these
devices are mounted on steel frameworks or floors
[21]. The system with negative stiffness (NS) has a
higher load-bearing capacity than the system with
only positive stiffness, and its natural frequency will
also be decreased. By using the buckling of beams
under axial load, [22] produced NS around
equilibrium and obtained an isolation system by
fusing it with a linear positive spring. The NS
principle was also used for vibration isolation (VIS)
as reported by [23] [24] who put forth a new VIS in
which an active control technique was used to
achieve NS. In [25], a passive DVA as used with an
analytical and experimental NS mechanism. A
nonlinear vibration isolator (NVI) with a negative
stiffness mechanism was also studied by [26]- [28].
The available analytical solutions for optimal
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parameters are time costly, limited in application,
and not valid when design parameters that vary in
values [29]. There has been little written about the
ideal DVA with NS and negative mass (NM)
parameters in detail, despite the fact that the use of
NS in vibration isolation systems has been the
subject of extensive research. In this work, the
principles of negative mass and stiffness are
explained along with their physical concepts. The
optimal DVA parameters are determined using the
direct research method, by adding a new constraint
to the main objectives. The frequency ranges of the
optimal values are studied as well for six cases of
different mass ratios.

2. Metamaterial Negative Properties
2.1 Negative Effective Mass

Fig. 1 shows a 2-DOF system exposed to a
harmonic excitation. The frequency response
functions (FRFs) Hi1 and H»; between the response

ui(t) and uz(t) and the input harmonic force F(t), are
given by [7][9]:

o bl e
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For more convenience, the following terms are
simplified as:

nﬁ1££= Fg =m1+m7;22,a)25 LS 2
Uz -8, - m,
@,

Where m; and m; are the principal and absorber
masses, respectively. F is the excitation harmonic
forces applied at the principal mass. u; and u; are the
degrees of freedom of principal and absorber mass,
receptively. The symbol Q is the excitation

frequency, j=+-11, = du,/dt, t is time, and w, is the

resonance frequency of the added absorber
representing by the stiffness k> and mass m;. The
effective mass i, is calculating by considering the

presented system in Fig. 1 as a single degree of
freedom instead of two degrees of freedom. If Q= @,
Eqn. (1) shows that|#i|is o, and

H11:u1(t):0’|:o:_k2a2 3)

F(t)=-ku,(t)=m,u(t) 4)

This means that the inertia force of the mass of
absorber (-mgiiz) has cancelled the effect of the
external force by the presence of the spring K, which
is considered as a good point to start to imply the
time response of the principal mass ul(t)=0. The
zero response of this mass is the main key of
vibration reduction concept by using the vibration
absorber.

Figure 1: Mass in mass 2-DOF system
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Figure 2: Spring-mass system with effective stiffness
2.2 Negative Effective Stiffness

Considering the 2D-O-F system illustrated in Fig. 2,
this system is similar to Fig. 1, but another spring K1
is added, forming two sub springs at the left and
right ends of the principal mass. The EOMs and the
corresponding magnification factors H (Q) (n=1,2)

are given by:
0 0|y N ki+k, —k,|fu| |F
0 m,||d, %, k, [lu,] |0
FEFejm u; = a ejm

’ ,UZ aZ

©)
2
if n=1H, =2 ko2 1
Fo (ky+ky)(k,—m,Q%) ki K,
if n=2H, =2= u

Fo (ko +k,)(k, —m,Q%)—k;

For more convenience, the following terms are
simplified as:

k~155=5=k1+%,a}25 /& (6)
u, & 1-0,1Q m,
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where, k1 is the effective spring when the presented
system is considered as a 1-DOF instead of 2-DOF. If
Q=w,, “(6)” shows that ‘lzl‘ — o0 and

H11:u1:0 (7)
F(t)=—ku,(t)=m,u.(t) (8)

This means that the mass of absorber (-mgi;) has
cancelled the effect of the external force by the
presence of the spring k,, and hence, u;(t)= 0 This
also discloses that when Qza)z, the term a,
increase when m2 decreases. More importantly is
that when the K, /(a)22 ] O? -1 >k, and QO < Wy,
the effective value of the stiffness Elbecomes

negative (NS). It is important to explain that when
k, <0 and Q < w,, a developed downward force is
built up in the spring and pulled against F(t), and it
can be given by:

K, (& —a,) = Fy (K, —k, ) /K, (9)

The developed force is greater than the force
according to “(9)”. This explains the negative value of
the stiffness

2.3 Design of a Spring-mass Absorber for
Vibration Attenuation

The governing differential equations of the
physical system described in Fig. 3 can be
determined using Newton'’s second law as follow:

I = [

T

F
my
o %
x, (D T ny
ky

Figure 3: Damped 2-DOF vibratory system
5l St

0 m,||X, -, C,+C, (X, (10)
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_kz k2+k3 X; _fz(t)

where my, m,, ms, €y, C3, C3, ky,k,, ks are the

%, (0

—
9

system masses, dampers, and stiffness, respectively.

f1(t) and f,(t) are the loads applied on the first

and second masses, respectively. The force vector is
given by:

£,(t)=Fe'™ f,(t)=Fel™ (11)
The general solution of Eq. 3.45 can be presumed as:
X (t)=X,(jo)e'™ (12)

Where is the excitation frequency. The general
solution @ of “(10)” can be presumed as:

{aﬂ(Jw) aiz(ia))Hxl(Jw)}:rl} (13)

a21(ja)) azz(ja)) Xz(jw) F,
Eq. (13) can be solved for obtaining the amplitude of
the presumed time response:

:aZZ(jw)Fl_aiz(jw)Fz

Xalie) D, (j®) (14)
: _au(ja))':z_au(ja))l:l
U070 )
Where
Do(Ja)):am(ja))azz(Jw) (15)
aiz(Ja))am(ja))

To study the vibration effect, the force F2 is set to
be zero (Fz=0). Thus, “(14)” can be updated as:

lMu(J'w)ﬂXl(Fjw)=—za22(j“’)

QU
S

(16)

(
lMZl(ja)):AXZ(jw):_lazlE

where AM, (jow)and AM, (jw) are frequency-
response functions due to the effect of F1 only.

The parameter A measured by (N/m) is a
dimensional parameter introduced to make “(17)”
non-dimensional. The general form of the frequency
response can be given by:

Hy (@) =AM, (io) 1.5 =12 a7)

Back to the system presented in Figure 3 above, the
matrix  @;; (jw) given in “(13)”, with some non-

dimensional parameters, can be determined as
follows:

ail(ja)):A(jQ)kla
aiz(jw):_B(jQ)B(jQ)klmr (18)
a21(ja’):_k1mr
a, (jo)=D (jQ)km,
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where:
A(jQ)=-Q*+2({+4M @, ) jQ+1+m of
B(jQ)=25,m, jQ+o? (19)
D(jQ)=-0%*+25,0, (1+cy,) jQ+of (1+ky,)
and,

[0 [0 C
Q=— 0,="%, ¢, =22 =
(28] Bny C,

Ci
m. o

i~ni

(i=12)

Based on this simplification, “(16)” can be simplified
to D, (jw) =k m R(jQ)where R(jQ) can be
expressed by:

R(j2)=0Q"-2j2%({,m, (cyp +m, +1)+ ¢, ) -

2*(cy, (4§§mrwf+4§1§zwr)+k3zwf +m, o + (20)
44.6,0, + @ +1) + KoM oK 07 + o] +
2i O, Csz(§2+§2mrwfz)+§1wr +

&+ (Eom, o + ¢, )

Where K,, =k, /K,

Finally, the frequency response functions
described in “(17)” can be restated as follows:

o)k e U - U

SR 7
(o) )

H (@)= kkm’*é i?)o):méR((j%)

3. Results and Discussion

The main objective of this work is to investigate the
effect of the more sensitive parameters of a spring-
mass absorber, and obtain the optimal values of a
unit cell absorber (optimal spring and optimal mass
for the absorber) for enhancing the absorption
capacity and vibration attenuation. The principles of
negative mass and negative stiffness are discussed in
detail.

3.1 Negative Mass

Figure 4 shows the variations of effective mass
with frequency ratio ({1/w, ) for different values of

mass absorber m, = (0.1 —0.7)m;. In general,
effective mass varies with the excitation frequency
Q) and absorber mass m,. When Q > w, the

effective mass denoted by Eqn. (3.16) becomes
negative (negative mass). This character is the key

point of using metamaterials for vibration
attenuation that corresponds to u, (t) = 0, as shown

by Eqn. 3.17. However, when {) < @, the effective

mass is positive and hence the two terms
F : .

Fo _ —1i1, 02 and -2 are both negative values which

a az

means that no one of u, (t)and u,(t) equals to zero

and also means that both of the masses in the system
vibrate in same phase. Hence, vibration of the main
mass cannot be attenuated. In the other hand, Figure
4 shows that the absolute value of the effective mass
increase with increasing absorber mass. However,
this increment become less sensitive at higher values
of the absorber mass.

m; increase

Effective mass

m;, increase

-40
0.85 0.9 0.95 1 1.05 1.4 1.15

0w,
Figure 4: Variations of effective mass (Q [w, ), m; = 1kg,

my = (0.1 — 0.7)m,.

3.2 Negative Stiffness

Figure (5) shows the variations of effective spring
with frequency ratio (e, /) for different values of
absorber spring k, = (0.1—-0.7)k; . The variation of

the effective spring due variations of the excitation
frequency is similar to that corresponding of the
effective mass. However, the frequency ratio is
represented by w, /Q in Fig. 5.2 instead of the

Q/w, for the negative mass represented by Figure 5.
In other words, w, >, the effective spring

denoted by Eqn. 6 is negative. A developed
downward force built up in the spring pulled against
the applied force F(t). The developed force is
generally greater than F; according to Eqn. 9. This

behavior explains the importance of the negative
stiffness value for vibration attenuation.
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Figure 5: Variations of effective spring, k, = 100N /m,

ky = (0.1-0.7)ky N /.
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3.3 Application of 2 DOF System as Vibration
Absorber

Two designs of absorbers are investigated. The
sensitivity of the absorber performance to the
variations of the design parameters is studied as
well. The primary and secondary systems are
assumed to be damped by introducing £, and ¢, for

both systems, respectively. However, to reduce the
design requirements, let us first assume that, =0.

The key point of designing a good vibration absorber
is the selection of proper values for m, and k, to

reduce response of the main vibratory system. The
only way to get zero responses for the primary mass
is by making the terms a,,(jw) or a,(jw) or

D(]j w) equal to zero when Q =, .

3.4 Effect of the Damping Factor £, on the
Dynamic Response

The effect of the first damping ratio is presented
in Figure 6 for three values of the frequency ratio,
while the mass ratio is held constant. In general, no
infinite amplitude response is presented because
both introduced damping ratios are not equal to
zero. The amplitude response decreases dramatically
as the damping ratio increase. The responses are
very close at the excitation frequency, being smaller
and greater than the first and second resonance
frequencies, respectively. However, the behavior is
different as the frequency ratio increase. Increasing
the damping ratio from (0.1 to 0.4) reduced the
amplitude response by 400%.

3.5 Effect of the Damping Factor ¢, on the
Dynamic Response

Figure 7 shows the variation of amplitude
responses due to the variation of £, for three values

of frequency ratios. It is noticed that the peaks
disappear as the damping ration increase. Even beak
locations change as the frequency ratio increase. The
greater effect of £, is noticed at its maximum value

and when Q =1 . Figure 6 and Figure. 7 show that ¢,

is more dominant on the amplitude response
than J,. However, the response of the primary mass

can be controlled by choosing suitable values of £,

—g,=0.1
- 3,=0.2
7,=03

b)

Figure 6: Amplitude response when
(=02, m-=0.1
a) w-=0.5,b)wr=1,c) wr=1.5

Figure 7: Amplitude response when
(1=02,m-=0.1
a) w-=0.5 b)w-=1, c) w,=1.5
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3.5 Effect of Mass Ratio (m,) on the Dynamic
Response

The effect of the (m,) is presented in Figure 8. The
smaller value of the mass ratio altered the amplitude
response to be smoother, and the peaks gradually
disappeared. However, the higher values of the mass
ratio peaks become more obvious for higher
amplitudes, specifically when the frequency ratio is
equal to or more than 1. It is worth mentioning that
the variation of frequency and mass ratio show no
effect on the amplitude response when (Q < 0.25).

Figure 8: Amplitude response when
(1=0:=0.2,
a) wr=0.5 b)wr=1, c)w,=1.5

3.6 Effect of Frequency Ratio on the Dynamic
Response

Figure 9 shows the effect of the frequency ratio
on the amplitude response for different values of
mass ratios. The range of the non-dimensional
frequency € at which the amplitude response
showed change in between is (0.5<€2<1.5). The
amplitude responses are invariant for the other
values. In addition, the difference in behavior is
smaller at the smaller values of the frequency ratios,
and it increases dramatically as this ratio to 1.5.

—® =0.6

a) m, = 0.05

Figure 9: Amplitude response when
a)my=0.05 b)m-=0.1, c) m-=0.5

3.7 Optimal Design

The response of the primary mass can be attained
to be zero when ¢, =0. However, this condition is
ideal because of the existence of the structural and
frictional damping. In this case, the selection of the
optimal combinations of system parameters is not an
easy task because of the nonlinear and fluctuated
behavior of £, on the absorber performance. Figure

10 shows the effect of ¢, on the amplitude response
in detail. Similar behavior is verified in previous
sections. The response is zero when ¢, =0.The
amplitude response of the peaks decreases, whereas
both peaks (£2#0) go to infinite when
¢,=0andJ, =o0.

L PPRERY|

002 04 06 08 1 12 14 16 1§ 2
0

Figure 10: Nonlinear effect of damping at
(=01, m=01,w,=1

In other words, there is a critical value of 4’2 in

between these values at which the peaks are smaller
or minimal.
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For optimization purposes, the best behavior for
these curves are the curves which make the
difference between the two peaks in frequency
response as small as possible for a wide range of
non-dimensional frequencies, including QQ =1 when
¢, #0 [22]. In this work, another constraint is
added to get a smaller response of the primary mass.
Therefore, six cases are studied for six values of m, .
The direct research method is used to obtain optimal
values, as presented in Table I. These optimal values
are determined at £, =0.1. Figure 11 shows several

cases of response.

Table 1. Optimal values of absorber parameters for six

cases (M, ).

me | $(Ns/m) | o, Peaks Frequency
difference range

0.1 0.195 0.859 | 3.55%103 0.789 to
1.051

0.2 0.259 0.771 | 2.74*103 0.716 to
1.031

0.3 0.301 0.696 | 3.84*1073 0.647 to
1.015

0.4 0.351 0.649 | 9.55*103 0.303 to
0.965

0.5 0.407 0.603 | 3.52*103 0.586 to
0.920

0.6 0.321 0.574 | 3.83*103 0.510 to
1.022

In other words, once the mass ratio gets bigger,
the frequency of the maximum peaks shifts to the
left, and the frequency range varies and may not
cover the resonance frequency as noticed when

M, =0.4and 0.5. This limits the performance of the

DVA.

The optimal response is the dashed curves,
where the differences between peaks are the
smallest for each subfigure. These figures show that
the minimum amplitude for the primary system is
attained at the higher value of mass ratio. However,
this corresponds to a limitation in the frequency
range.

4
a) m,=0.1 at dashed line

3 F
=S N mi
€, M increase
==

1

0]

(0] 0.5 1 1.5 2
2

3 F
_ Ll (i m,. increase
- X
I‘_ N\
T | . A

b) m,.=0.2 at dashed line
(0]
(0] 0.5 1 1.5 2
Q
4 ¢) m;=0.3 at dashed line
3 F

m, increase

.. ()

0 0.5 1 1.5 2

0] 0.5 1 1.5 2

Figure 11: Optimal values for absorber parameters for
different values of mass ratio m,.

It is important to notice that while the optimal
values of the parameters presented in Table 1 count
based on the theoretical design concepts, the
practical design and implementations must consider
the manufacturing tolerances; linear and nonlinear
behavior of the spring, temperature-dependent
damper viscosity and other uncertainties. Sensitivity
analysis and robustness analysis under theses
tolerances remains critical topic for future
experimental studies.
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4., Conclusions

The principles of negative mass and negative springs
have been studied in details, and they are used for
designing a dynamic absorber. The results of this
work showed that damping ratios and frequency
ratio are critical parameters for designing a
successful dynamic absorber. Zero response is
achieved for the amplitude response when (€<
0.25). The frequency ratio affects the response only
in the range of (0.5<Q<1.5). Finally, the optimal
design can be attained by selecting optimal values

for S and r. Every system frequency requires
specific spring-mass values of better attenuation.
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