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Abstract - This paper introduces a new quasi-static state-space model for estimating and forecast-
ing part quality during in-process plunge cylindrical grinding. Drawing on an extensive survey of
existing grinding models, the author identifies an underlying dynamic connection linking the grind-
ing conditions, grinding power, surface roughness, and part dimensions - driven by both machine
dynamics and progressive wheel wear. This relationship forms the basis for a nonlinear state-space
formulation. Model parameters are calibrated using values drawn from published literature, and a
series of simulations confirm that the model behaves in a physically realistic way. To date, this vali-
dation rests entirely on simulation using parameters drawn from the literature, not on original ex-
perimental data. Because certain outputs - such as the true part size - aren't always measurable in
real manufacturing settings, the study also examines observability under several different output
configurations, revealing how the choice of on-line sensors influences the model's ability to be ob-
served. This framework introduces a novel method for inferring part qualities, including surface
roughness and actual dimensions, by applying state estimation techniques to measurable outputs
like grinding power. Furthermore, the model supports long-range forecasting of part quality across
successive batch grinding cycles through simulation. The paper closes with a discussion of how this
model could be applied to grinding process monitoring and control, along with an acknowledgment
of the technical obstacles that remain to be addressed.

Keywords: Cylindrical grinding, State space model, Observability, Controllability, Wheel wear,

Nonlinear dynamic systems.

1. Introduction

Advances in sensor technology, networking, and data
storage have led to an explosion of data collected on
modern factory floors. Comprehensive surveys of
sensor applications in machining and grinding are
available elsewhere [1, 2]. As this trend continues,
the competitiveness of manufacturers will increas-
ingly hinge on their ability to convert raw sensor
data into actionable insight. Yet despite the sheer
volume of information now available, both research-
ers and practitioners recognize that this data re-
mains significantly underused. A central obstacle is
the mismatch in timing between process-variable
measurements and product-quality measurements.
In grinding operations, for instance, sensors routine-
ly capture process variables in real time - power
draw, cutting forces, vibration, and acoustic emission
- whereas critical quality metrics like surface finish,

subsurface integrity, and roundness typically can
only be assessed after the fact, off-line.

Because part quality is so difficult to measure
during processing, considerable research effort has
gone into inferring these qualities indirectly from
sensor data, largely through statistical methods or
neural-network-based signal processing [1, 2]. Com-
parable strategies have also been used to indirectly
track tool wear. Notably, Danai and Ulsoy introduced
a dynamic-state-model approach to estimate tool
wear in turning operations [3], treating wear as a
hidden state driven by machining conditions, with
cutting force as the observable output; standard ob-
server or estimation techniques could then be ap-
plied to infer wear in real time. This method offered
the benefit of naturally combining information from
multiple sensors and integrating directly into closed-
loop control schemes. The approach was later gener-
alized to broader classes of nonlinear systems using
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radial basis function networks [4]. Building on this
success in tool-wear monitoring, the current study
proposes an analogous dynamic-state framework,
applied instead to the estimation of ground-part
quality.

Grinding process control has also advanced sub-
stantially in the past decade, though it continues to
pose challenges due to the process's nonlinear, sto-
chastic, and time-varying nature. Many existing con-
trol strategies address only a single variable or a pair
of variables - for example, grinding force [5] or di-
mensional accuracy [6, 7] - rather than tackling
quality holistically. A more comprehensive frame-
work spanning multiple part-quality metrics was
developed by Danai and Malkin [8, 9], though its de-
sign is tightly coupled to particular experimental
setups. Because their algorithm was built around
minimizing cycle time specifically, it is unclear how
readily it could be adapted to alternative goals, such
as cost reduction. Moreover, none of these prior con-
trol schemes incorporate a systematic mechanism
for updating model parameters based on off-line
quality measurements taken after processing.

By contrast, the semiconductor industry has em-
braced run-to-run control as a standard strategy for
batch process management [10]. Under this para-
digm, process recipes are adjusted between runs
using quality data gathered from prior batches — an
approach that has become foundational to processes
like chemical-mechanical planarization (CMP) [11].
While run-to-run control has not been formally
adopted in grinding, related post-process adjustment
strategies have appeared in a small number of stud-
ies [12, 13]. Comparing conventional real-time grind-
ing control with CMP's run-to-run methodology sug-
gests a promising direction: grinding control stands
to benefit from more deliberately combining real-
time sensor data with periodic off-line quality
checks, much as CMP does.

This paper proposes exactly such an integration -
linking in-process sensor measurements to off-line
quality assessments through a unified quasi-static
state-space model. A key strength of this approach is
that it naturally fuses signals from multiple sensors,
improving the robustness of quality estimates. Un-
like prior signal-processing or probabilistic estima-
tion methods, this state-space formulation supports
not only estimating current part quality but also
forecasting quality outcomes several cycles into the
future. This capability opens the door to optimized
grinding control strategies applicable to a wide
range of objectives and constraints.

The remainder of the paper is organized as fol-
lows: Section 2 derives the proposed state-space
model from established grinding relationships in the
literature and presents simulation results for both
single and repeated grinding cycles. Section 3 ex-
plores potential monitoring and control applications,
including an analysis of the model's observability
and controllability.

2. Method for Modeling the Spatial State
of a Process

This section develops a state-space representa-
tion of the plunge cylindrical grinding process, syn-
thesizing relationships established in prior litera-
ture. Although the derivation here focuses on plunge
cylindrical grinding, a comparable methodology
could be extended to other grinding configurations,
such as surface grinding. Figure 1 illustrates the
grinding system and identifies the principal process
variables considered in this study.

RN

Workpiece

Figure 1: Configuration of a cylindrical grinding pro-
cess.

Under the assumption that wheel speed remains
constant and that changes in wheel diameter from
wear are negligible within a single grinding cycle, the
relationship between the commanded infeed rate,
U (mm/s), and the actual infeed rate, v (mm/s), can
be modeled as a first-order dynamic system [1, 14]:

dv
u—-v=71—o1, 1
o (1)

where T is a time constant (s) governed by the com-
bined stiffness of the machine, wheel, and workpiece,
as well as wheel dullness and wheel speed:

D”dwb.\'
;= 2740
kv

s

) (2)

where D denotes wheel dullness, dw is the workpiece
diameter (mm), bs is the wheel width (mm), k is sys-
tem stiffness (N/mm), and vs is wheel speed (m/s).
Wheel dullness increases monotonically with the
accumulated metal removed per unit wheel width

since the last dressing, v, (mm?3/mm):

_ )
D=D,+DV?, 3)

where V, =zd v, and D1 and § are constants; Do de-
pends on dressing parameters such as dressing lead
and depth. For consistency with the notation used in
Table 1, these same wear-law constants are denoted
so, s1, and 6 there; the two symbol sets refer to iden-
tical parameters and are used interchangeably be-
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tween the text and the table. Grinding power, P (W),
can be approximated for moderate wheel speeds as a
linear function of the metal removal rate:

P=uDrd b,v, (4)
where p is the friction coefficient, and P reflects
power in excess of the threshold grinding power.
Substituting Equation (3) into Equation (4) yields an
expression for grinding power as a function of v and
v,

P=K_ (s, +5V.")ys (5)

with K, =ku, s,=Dyzd b, |k, s, =Drd b, /k.
Surface roughness, Rs (um), evolves over time ac-
cording to the following empirical relation reported
in the literature [14]:

R, = {Rg +(R, = R,) exp (—Z—‘%ﬂ[”d‘”q . (6
0 )0 v

Equations (1)-(6) can be combined into a state-
space form by treating ¥, and v as state variables x;

and x,, respectively, and assuming v, =0 within a

single grinding cycle. In this formulation, the com-
mand infeed rate u and wheel speed vs serve as sys-
tem inputs u: and uz, while grinding power P and
surface roughness ra constitute the system outputs y:
and yz:

- ﬂ-dwa
x|
=y, (u1 —xz) s (7)
X, —_—
S, +8,X;

5
K (s, +5x°)x,

B}: {Rg+(R:_Rg)eXp(_%ﬂ(ij G)

0 u2

Beyond predicting grinding power and rough-
ness, the framework can be extended to additional
outputs. The cumulative reduction in part diameter
since dressing, Dw (mm), follows directly from the
state variable x, :

D - 2x,
Yond,
Out-of-roundness, r (um), is known to vary line-
arly with the working engagement [9], and can be
expressed in terms of state variable x, and the work

9)

speed vw (m/s):
wd x,
r=r——=+r,,
k& (10)

where 7 and r, are constants.

While radial wheel wear during a single cycle is typi-
cally negligible, its cumulative effect across a batch
of cycles becomes significant. The grinding ratio (G-
ratio), defined as the volumetric ratio of metal re-
moved to wheel material consumed, is expressed as:

_dwv
d . w

s0

G

; (11)

where d, is the wheel diameter immediately after

dressing, and W is the radial wheel wear rate
(mm/s). A widely cited empirical model for the G-
ratio [15] is:

-8
G=G, [”d”} , (12)

\%

s

where G1 and g are constants. Combining Equations

(11) and (12) with the identity d=-2w yields an
expression for the time evolution of wheel diameter

d, (mm):

2rtd!"s
T uxe (13)
dsOGl

Taken together, the complete quasi-static state-
space model of the cylindrical grinding process can
be expressed compactly as:

)'c=f(x,u), (14)
y=h(x,u). (15)

where x = (x,,x,,%,)" =(Ww,v,d) eR’,
u=(u,u,) =uyv,) eR’and

y= (ylayzaypyuys)r == (P,RG,DW,I’,dS)T e®’.
The two nonlinear functions in equations (14)
and (15) are given as:

wd,, x5

o (g —x5)

“sotsiaf ,  (16)
2n9a,d

_—H,_ X
dsoly 272

flx,u) =

'KS[SU + slxla)xz

[R&' +(R;—Ry)exp (_:_:)] (MML;:E)F

hx,uw) =2
wd,,
ey,
T+ Ty
Vi

Lxq |

(17)

Figure 2 depicts the overall architecture linking
system inputs, states, and outputs. As shown, grind-
ing power is measurable on-line whenever a power
meter is installed, while surface roughness and out-
of-roundness are typically only obtainable off-line;
part size may be sampled either on-line or off-line
depending on gauge availability. In this way, the
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proposed model unifies on-line and off-line meas-
urements within a single, coherent framework.

When on-line signals — such as power or part size
- are available, a state estimation technique like the
extended Kalman filter can be applied to infer the
internal states, from which roughness and out-of-
roundness can subsequently be computed via the
output equation. Applications of this framework to
grinding process monitoring and control are dis-
cussed further in later sections.

wes
Infeed rate L gy —D: :;
_‘—’ Dynamic state X, (.)ulp_ut —’ oughness
Wheel equation ——p equation Part size
speed fi(x, u) X hix, u) OOR
I 3\\‘heﬂ size

1

speed
Figure 2: Proposed state space model of a grinding
process

The proposed model was applied to simulate an
internal cylindrical plunge grinding process. Table 1
summarizes the parameter values used in Equations
(16) and (17), compiled from several literature
sources [16-18].

Table 1. Model parameters used in simulation

w KS 6
(mm) | (mm) (N/mm) 4
72 52 49.2 0.07 2380 1 0.35

So S1

4
Ry Ro (mmS/ I'm ro G1 g
mm)
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Figure 3: Command infeed rate and the 3 state varia-
bles over a simulated grinding cycle: (a) Command
infeed rate, u (mm/s) (b) Accumulated metal removal
per unit wheel width after dressing, V, (mm?®/mm)

(c) Actual infeed rate, v (mm/s)
(d) Wheel diameter, ds (mm)

Simulation results for a single grinding cycle ap-
pear in Figure 3. Wheel speed and work speed were
held constant at 35 m/s and 0.53 m/s, respectively,
while the commanded infeed rate followed a three-
stage schedule corresponding to roughing, finishing,

and spark-out (Figure 3a). The nonlinear state equa-
tion (16) was solved using a standard Runge-Kutta
method in MATLAB, with initial condition
x0=(0,0,50). Figures 3b-d trace the evolution of the
three state variables. Comparing Figures 3a and 3c
reveals the time lag introduced by machine dynamics
(Equation 1); the effect of wheel dulling, however, is
not perceptible within a single cycle. Figure 3d fur-
ther shows that most wheel wear accumulates dur-
ing the roughing stage.

Figure 4 presents the first four output variables
corresponding to the states in Figure 3, while the
fifth output tracks the same wheel diameter shown
in Figure 3d, per Equation (17). Note that the grind-
ing power in Figure 3a reflects power net of the
threshold value; in practice, measured spindle power
would not approach zero during spark-out. Figures
4b-d illustrate the corresponding evolution of sur-
face roughness, part diameter, and out-of-roundness
across the cycle.
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Figure 4: Change of four output variables over a simu-
lated grinding cycle: (a) Grinding power, P (W)
(b) Surface roughness, Ra (um)(c) Accumulated reduc-
tion in diameter of the part after dressing, Dw (mm)
(d) Out of roundness, r (um)

Beyond single-cycle simulation, the model was
extended to represent multiple sequential grinding
cycles. At the start of each new cycle, the initial state
vector is set using the final state of the preceding
cycle: both the accumulated metal removal per unit

wheel width, V“',, and wheel diameter, ds, carry over

from the prior cycle, while the actual infeed rate, v,
resets to zero. This process repeats until the wheel is

redressed, at which point ¥, and d; are reset.

Figure 5 depicts this simulation horizon schemat-
ically.

Time horizon of the model

A
< ~

Cyele Cycle Cyele
i I e

Figure 5: Simulation horizon of the proposed model.

Figure 6 and 7 present results for ten consecutive
grinding cycles following a single dressing operation,
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using the same parameters and infeed schedule as
the single-cycle case. The cumulative effect of wheel
dulling on grinding power and surface roughness
becomes clearly visible in Figure 6.

Figures 7a-c plot end-of-cycle part quality met-
rics against cycle number. Although Figure 6¢ might
suggest a steadily declining surface roughness trend
across cycles, the end-of-cycle values in Figure 7a
show no such consistent pattern.

This apparent discrepancy is explained by the
end-of-cycle infeed rate shown in Figure 7d: as
wheel dulling progresses, the time constant in Equa-
tion (1) increases per Equations (2) and (3), and
with spark-out duration fixed, this leads to a rising
actual infeed rate at cycle's end.
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Figure 6: Change of 4 variables over 10 consecutive
grinding cycles in simulation: (a) Actual infeed rate, v
(mm/s) (b) Grinding power, P (W) (c) Surface rough-

ness, Ra (um) (d) Wheel diameter, ds (mm).

Because increased dulling and rising infeed rate
exert opposing influences on surface roughness,
their interaction produces the fluctuations observed
in Figure 7a.
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Figure 7: Part qualities and actual infeed rate at each
end of 10 consecutive grinding cycles: (a) Surface
roughness, Ra (um) (b) Removed diameter of each

part, _dw (mm) (c) Out of roundness, r (um) (d) Actual

infeed rate at the end of each cycle, v (mm/s).

The considerable variability in part quality
shown in Figure 7 - despite a fixed grinding schedule
- underscores the need for more advanced control
and optimization strategies in batch grinding pro-
duction. Because increased dulling and rising infeed
rate exert opposing influences on surface roughness,
their interaction produces the fluctuations observed
in Figure 7a. The considerable variability in part
quality shown in Figure 7 — despite a fixed grinding
schedule - underscores the need for more advanced
control and optimization strategies in batch grinding
production.

This simulation study demonstrates that the pro-
posed model readily accommodates both single-
cycle and multi-cycle analysis, capturing the intricate
interdependencies among grinding variables within
a unified state-space framework. The results confirm
that the model behaves in a physically plausible
manner. Future work should include experimental
validation of the model under realistic conditions
involving measurement noise and process disturb-
ances.

3. Results and Discussions

The preceding section demonstrated that the pro-
posed model provides a unified framework for simu-
lating and analyzing the grinding process. However,
its greater practical value lies in enabling the moni-
toring and control of grinding operations.

Given a specific set of measured outputs — such as
grinding power - an adaptive filter or observer can,
in principle, be constructed from the proposed mod-
el to estimate the internal states and unmeasured
outputs, including various part-quality metrics, in
real time. Figure 8 presents a schematic of this ob-
server structure, where a hat symbol denotes an es-
timated variable or quantity.

» Grinding
Process

Figure 8: Schematic diagram of the observer
for in-process estimation of part qualities.

As shown, the discrepancy between the estimated
and measured outputs is fed back into the filter to
refine the estimate of the state vector, i . The design
and implementation of such an optimal filter is left
for future work. As established previously, the model
also supports forecasting part quality over subse-
quent grinding cycles given a specified schedule of
grinding conditions.
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This capability suggests the feasibility of a model-
based optimal control scheme, in which the grinding
schedule is continually re-optimized using an updat-
ed process model at each sampling interval. Develop-
ing such a control strategy for a general class of ob-
jectives and constraints is left to future research. To
assess the model's suitability for these purposes, its
observability and controllability were examined.
Although linearization is not necessarily the most
rigorous approach for analyzing a nonlinear system,
it offers a computationally efficient means of approx-
imating these properties. The model was linearized
about four operating points selected at random from
the ten-cycle simulation results shown in Figure 6.
Table 2 summarizes the observability rank obtained
for three different combinations of measured out-
puts; a rank of 3 indicates that all three state varia-
bles are observable, while a lower rank indicates
that only a subset can be estimated.

Table 2. Rank of the observability matrix based on 3
different sets of measured outputs at 4 different op-

erating points
Operating point Observability rank
(x1, X2, X3, U1, Uz) p (P, D) (P, Dw, ds)
(216, 0.0076, 5 5 3
49.97,0.002, 37)
(55, 0.0006, 5 5 3
49.99, 0, 37)
(110, 0.0012, 5 5 3
49.98, 0.0254, 37)
(381, 0.0001,
2 2 3
49.94, 0.0254, 37)

As the second column of Table 2 indicates, moni-
toring grinding power alone consistently yields a
rank of 2, regardless of operating point-meaning
two of the three states can be recovered from power
measurements alone. Inspection of Equations (16)
and (17) confirms that these two observable states
correspond to Vw', and v. The third column shows

that adding a size gauge to monitor Dw does not im-
prove observability beyond this rank; full observa-
bility (rank 3) is achieved only when wheel diame-
ter, ds, is directly measured. Nonetheless, Equation
(17) indicates that P, Ra, Dw, and r can all still be es-
timated from and v alone. This suggests that, at least
in theory, surface roughness, part size, and out-of-
roundness can be inferred solely from grinding pow-
er measurements. In practice, however, supplement-
ing power monitoring with direct measurement of
Dw via a size gauge would enhance the robustness of
quality estimation. Wheel diameter measurement, ds
- though typically performed off-line-appears to be
a particularly valuable source of process infor-
mation. Table 3 reports the results of the corre-
sponding controllability analysis, based on the same
linearized models used above.

Table 3. Rank of the controllability matrix based on
3 different sets of manipulated inputs at 4 different

operating points
Operating point Observability rank
(31, x2, X3, U, uz) u Vs (u, vs)
(216, 0.0076,
49.97,0.002, 37) “ 3 3
(55, 0.0006,
2 3 3
49.99, 0, 37)
(110, 0.0012,
49.98, 0.0254, 37) 2 3 3
(381, 0.0001,
49.94, 0.0254, 37) “ 3 3

As shown in the second column, manipulating the
command infeed rate alone is insufficient to inde-
pendently control all three state variables. Full con-
trollability (rank 3) is achieved only when wheel
speed is also manipulated, as demonstrated in the
third and fourth columns. Although the model deri-
vation assumed a fixed wheel speed within each
grinding cycle, these results indicate that allowing
wheel speed to vary would be essential for achieving
more flexible and complete control over the grinding
process. It is worth noting that the four linearization
points used in Tables 2 and 3 were drawn at random
from a single ten-cycle simulation run, and the ob-
servability and controllability ranks were identical at
all four points tested. While this consistency is en-
couraging, it should not be read as a guarantee that
the ranks hold uniformly across the process's full
operating range: points drawn from a different simu-
lation run, a different infeed schedule, or regions
near the boundaries of the state space (e.g., very low
or very high accumulated wear) could in principle
yield different ranks. A more systematic sensitivity
analysis, sweeping the linearization point across a
fine grid of the reachable state space rather than re-
lying on four randomly chosen samples, would be
needed to establish how robust these observability
and controllability findings are, and is left for future
work.

4. Conclusions

This paper has introduced a novel, control-oriented
state-space model for the cylindrical plunge grinding
process, developed by synthesizing established rela-
tionships from the grinding literature into a unified
nonlinear dynamic framework. Rather than treating
grinding power, surface roughness, part size, and
out-of-roundness as independent quantities to be
modeled separately, the proposed formulation cap-
tures the underlying dynamic coupling among these
variables, mediated by machine dynamics and pro-
gressive wheel wear.

Through simulation, the model was shown to re-
produce physically plausible behavior across both
single grinding cycles and extended sequences of
batch cycles, capturing phenomena such as the time
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lag introduced by machine dynamics, the gradual
influence of wheel dulling on process outputs, and
the resulting variability in part quality across a pro-
duction batch. These results confirm that the model
provides a coherent and internally consistent repre-
sentation of the grinding process, bridging the gap
between real-time sensor signals and quality charac-
teristics that are typically only assessable off-line.

Because the model is expressed as a standard
nonlinear state-space equation, it lends itself natu-
rally to state estimation techniques such as the ex-
tended Kalman filter, enabling in-process inference
of part qualities that would otherwise require de-
structive or delayed ex-situ measurement. The ob-
servability analysis presented in this work indicates
that, in principle, surface roughness, part size, and
out-of-roundness can all be estimated from grinding
power measurements alone, though supplementing
this with direct wheel-diameter monitoring would
likely improve estimation robustness in practice.
Similarly, the controllability analysis revealed that
flexible, comprehensive control of the grinding pro-
cess requires manipulation of both infeed rate and
wheel speed, rather than infeed rate alone.

Beyond estimation, the model's capacity for long-
term prediction across successive grinding cycles
suggests significant potential for model-based opti-
mal control in batch grinding operations. All results
reported here are based on simulation using param-
eters compiled from the literature, and the model
has not yet been validated against original experi-
mental data. Future research should prioritize exper-
imental validation of the model under realistic condi-
tions involving sensor noise and process disturb-
ances, as well as the design and implementation of
practical observer and control algorithms building
on the theoretical foundation established here.
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